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Large Scale Structure: 
Physics, Phenomenology, 

Statistics
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CMB -> Large-Scale Structure

tiny density differences 

~0.00001x mean density

density differences grow by a huge factor

large density differences 

~100x mean density



Plan

Modelling dark matter dynamics 

Phase space 

Eulerian Perturbation Theory 

Lagrangian Perturbation Theory 

Spherical Collapse 

Clustering statistics 

Two-point statistics 

Three-point statistics 

One-point statistics + …  



Plan

From dark matter to observables 

Tracer bias & stochasticity 

Redshift space distortions 

Projected densities 

Large-scale structure probes 

Spectroscopic clustering 

Photometric clustering & weak lensing 



National Center for Supercomputer Applications (A. Kravtsov  & A. Klypin)

CMB -> Large-Scale Structure

http://www.ncsa.uiuc.edu/


CMB -> Large-Scale Structure
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video by Oliver Friedrich 
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Cosmic Laboratory  



Euclid

Rubin LSST DESI 

~1 billion €, 1/3 sky 
10 billion years look-back 
galaxy redshifts & shapes

Cosmic Laboratory



Cosmic Laboratory

DESI 



dark energy & gravity, 
dark matter, neutrinos 
early universe

Predict Clustering 
nonlinear dynamics

Extract Information 
non-Gaussian statistics 

Cosmic Laboratory



Collisionless Dark Matter
Bullet Cluster: X-Ray (gas)



Collisionless Dark Matter
Bullet Cluster: weak lensing (mass)



Collisionless Dark Matter
Bullet Cluster: X-Ray (gas) & weak lensing (mass)



• What do we know about DM?

6. it was slow (non relativistic) at the time of formation of first structures (if in 
thermal equilibrium)

cold dark matter • warm dark matter  

Lovell, Eke, Frenk, Gao, Jenkins, Wang, White, Theuns, 
Boyarski & Ruchayskiy  ‘12 

N-body simulations find that if DM would be lighter than keV small structures 
would have been erased! 

Cold vs. Warm Dark Matter

higher streaming velocities wash out substructure

(~keV)

simulation:



Cosmic Large Scale Structure

Gravitational  
Dynamics 

Clustering  
Statistics 



Cosmic Large Scale Structure



Cosmic Large Scale Structure

Cosmic Web 

Skeleton

filamentary 
network 

structural  
hierarchy 

Halos 

Galaxy Hosts

universal 
density profiles 

mass         
distribution 



Dark Matter Dynamics

Vlasov-Poisson equation

@tf(x,p, t) = {H, f}

3+3 dim

@tf(x,p, t) = {H, f} �V (x, t) /

⇢(x,t)
z }| {R
f(x,p, t) d3p�1

nonlinear

cold initial conditions: flat sheet 

Key Problem

<latexit sha1_base64="+hCDoX6vW3xF+6Ukatfh94mZork="></latexit>

@tf = � p

a2m
·rxf +mrxV ·rpf = {H, f}



perfect fluid: single stream
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Phenomenology

Dark Matter Dynamics

ffl(x,p) = ⇢(x)�D(p�mr�(x))
<latexit sha1_base64="/6qSl0HNk+Mme8mdmsKL2VbrGp0="></latexit>



perfect fluid: single stream

Phenomenology

Dark Matter Dynamics

ffl(x,p) = ⇢(x)�D(p�mr�(x))
<latexit sha1_base64="/6qSl0HNk+Mme8mdmsKL2VbrGp0="></latexit>
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initial conditions

single stream

position x
multi  stream

shell-
crossing

Phase space sheet
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initial conditions

single stream

position x
multi  stream

shell-
crossing

Phase space sheet
fails at shell-crossing 



beyond perfect fluid: multi-stream
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Phenomenology

Dark Matter Dynamics



large-scale view

Phenomenology

Dark Matter Dynamics

credit:  
Colombi & Taruya



Challenges

numerical 
N particles

large-scales 

computational power 

limited sampling

analytical 
2 fields

small-scales 

perturbative accuracy 

limited features



C(n)
i1...in

(x) 3
nZ

d3p pi1 · · · pimf(x,p)
o

mn
<latexit sha1_base64="wMzCXqln6oVHSN+Wi7x2z0gnQlQ="></latexit>

density, velocity, …

@tC
(n) ' r · C(n+1) +

nX

|S|=0

C(n+1�|S|) ·rC(|S|) � �n1mrV

<latexit sha1_base64="tvhqz+DW/Jrw/cw/jQlLBAvPAyQ="></latexit>

Cumulant Hierarchy

Key Problem



infinite & coupled 

@tC
(n) ' r · C(n+1) +

nX

|S|=0

C(n+1�|S|) ·rC(|S|) � �n1mrV

<latexit sha1_base64="tvhqz+DW/Jrw/cw/jQlLBAvPAyQ="></latexit>

Cumulant Hierarchy

Key Problem

C(n�2) ⌘ 0
<latexit sha1_base64="pa14qayKLG/aITadxx8uAx5gcNA=">AAAB/nicbVDLSgNBEOyNrxhfUfHkZTAIegm7UdCbwVw8RjAPSGKYnXSSIbOz68ysEJaAv+LFgyJe/Q5v/oWf4ORx0GhBQ1HVTXeXHwmujet+OqmFxaXllfRqZm19Y3Mru71T1WGsGFZYKEJV96lGwSVWDDcC65FCGvgCa/6gNPZr96g0D+WNGUbYCmhP8i5n1Fipnd0r3SZHstnDO1I4HjXxLub3xG1nc27enYD8Jd6M5C6+YIJyO/vR7IQsDlAaJqjWDc+NTCuhynAmcJRpxhojyga0hw1LJQ1Qt5LJ+SNyaJUO6YbKljRkov6cSGig9TDwbWdATV/Pe2PxP68Rm+55K+Eyig1KNl3UjQUxIRlnQTpcITNiaAllittbCetTRZmxiWVsCN78y39JtZD3TvKF69Nc8XKaBqRhHw7gCDw4gyJcQRkqwCCBR3iGF+fBeXJenbdpa8qZzezCLzjv3zLglck=</latexit>

perfect fluid

Pueblas & Scoccimarro `08

shell-crossing 



predictions require density contrast 

dark matter as chocolate (effective fluid) 

Eulerian: expand density & velocity 

Lagrangian: displace particles (or fluid elements) 

Dark Matter Dynamics



density

nonlinear

@
@⌧ � = �

@
@x [(1 + �)v]

@
@⌧ v + v @

@xv = �H(⌧)v � @
@xV

@2

@x2V =
3

2
⌦mH

2(⌧)�
<latexit sha1_base64="/stPZGvhyWptFByuZqoBqIl91h4="></latexit>

gravity 
force

@
@⌧ � = �

@
@x [(1 + �)v]

@
@⌧ v + v @

@xv = �H(⌧)v � @
@xV

@2

@x2V =
3

2
⌦mH

2(⌧)�
<latexit sha1_base64="/stPZGvhyWptFByuZqoBqIl91h4="></latexit>

velocity

@
@⌧ � = �

@
@x [(1 + �)v]

@
@⌧ v = �v @

@xv �H(⌧)v � @
@xV

@2

@x2V =
3

2
⌦mH

2(⌧)�
<latexit sha1_base64="HO9E21dbMFeGy+jbQ3aDmcr5jOo="></latexit>

⇢(⌧, x) = ⇢̄(⌧)(1 + �(⌧, x))

v(⌧, x)
<latexit sha1_base64="T9XvUF2kNdEHLeKxLZSqjAI3LsA=">AAACKHicjVDLSgNBEOyNrxhfUY9eBoOSoIRdFfQiCXrxqGCMkA2hdzIxQ2YfzPSKIeRzvPgrXkQU8eoX+AluEhUVBQsGaqqq6ZnyIiUN2fazlRobn5icSk9nZmbn5heyi0tnJow1FxUeqlCfe2iEkoGokCQlziMt0PeUqHqdw4FfvRTayDA4pW4k6j5eBLIlOVIiNbIlV7fDvEsYb14V2Po+cz3U7FMssLyzwdymUIQfqYLrZi4/Lo1szinaQ7C/Sa70CkMcN7L3bjPksS8C4gqNqTl2RPUeapJciX7GjY2IkHfwQtQSGqAvTL03/GifrSVKk7VCnZyA2FD9OtFD35iu7yVJH6ltfnoD8TevFlNrr96TQRSTCPhoUStWjEI2aI01pRacVDchyLVM3sp4GzVySrrN/K+Es62is13cOtnJlQ9GbUAaVmAV8uDALpThCI6hAhyu4RYe4NG6se6sJ+t5FE1Z7zPL8A3Wyxv4M6RI</latexit> initially small

⇢(⌧, x) = ⇢̄(⌧)(1 + �(⌧, x))

v(⌧, x)
<latexit sha1_base64="T9XvUF2kNdEHLeKxLZSqjAI3LsA=">AAACKHicjVDLSgNBEOyNrxhfUY9eBoOSoIRdFfQiCXrxqGCMkA2hdzIxQ2YfzPSKIeRzvPgrXkQU8eoX+AluEhUVBQsGaqqq6ZnyIiUN2fazlRobn5icSk9nZmbn5heyi0tnJow1FxUeqlCfe2iEkoGokCQlziMt0PeUqHqdw4FfvRTayDA4pW4k6j5eBLIlOVIiNbIlV7fDvEsYb14V2Po+cz3U7FMssLyzwdymUIQfqYLrZi4/Lo1szinaQ7C/Sa70CkMcN7L3bjPksS8C4gqNqTl2RPUeapJciX7GjY2IkHfwQtQSGqAvTL03/GifrSVKk7VCnZyA2FD9OtFD35iu7yVJH6ltfnoD8TevFlNrr96TQRSTCPhoUStWjEI2aI01pRacVDchyLVM3sp4GzVySrrN/K+Es62is13cOtnJlQ9GbUAaVmAV8uDALpThCI6hAhyu4RYe4NG6se6sJ+t5FE1Z7zPL8A3Wyxv4M6RI</latexit>

density  

velocity

Eulerian Dynamics



• distances grow, energy density = energy/
volume

⇢m ⇠ a�3
<latexit sha1_base64="WleTnFXkCTw+4eRdOdISTTOsagQ=">AAAB+nicjVDLSsNAFL3xWesr1aWbwSK4sSQq6M6iG5cV7AOaGCbTSTt0ZhJmJkqJ/RQ3LhRx65e48y/8BNPUhYqCBy4czrmXezhhwpk2jvNmzczOzS8slpbKyyura+t2ZaOl41QR2iQxj1UnxJpyJmnTMMNpJ1EUi5DTdjg8m/jta6o0i+WlGSXUF7gvWcQINrkU2BVPDeJAeJoJhK+yvYNxYFfdmlMA/U2qJ+9QoBHYr14vJqmg0hCOte66TmL8DCvDCKfjspdqmmAyxH3azanEgmo/K6KP0U6u9FAUq3ykQYX69SLDQuuRCPNNgc1A//Qm4m9eNzXRsZ8xmaSGSjJ9FKUcmRhNekA9pigxfJQTTBTLsyIywAoTk7dV/l8Jrf2a69Tci8Nq/XTaBpRgC7ZhF1w4gjqcQwOaQOAG7uABHq1b6956sp6nqzPW580mfIP18gFZQJTU</latexit><latexit sha1_base64="WleTnFXkCTw+4eRdOdISTTOsagQ=">AAAB+nicjVDLSsNAFL3xWesr1aWbwSK4sSQq6M6iG5cV7AOaGCbTSTt0ZhJmJkqJ/RQ3LhRx65e48y/8BNPUhYqCBy4czrmXezhhwpk2jvNmzczOzS8slpbKyyura+t2ZaOl41QR2iQxj1UnxJpyJmnTMMNpJ1EUi5DTdjg8m/jta6o0i+WlGSXUF7gvWcQINrkU2BVPDeJAeJoJhK+yvYNxYFfdmlMA/U2qJ+9QoBHYr14vJqmg0hCOte66TmL8DCvDCKfjspdqmmAyxH3azanEgmo/K6KP0U6u9FAUq3ykQYX69SLDQuuRCPNNgc1A//Qm4m9eNzXRsZ8xmaSGSjJ9FKUcmRhNekA9pigxfJQTTBTLsyIywAoTk7dV/l8Jrf2a69Tci8Nq/XTaBpRgC7ZhF1w4gjqcQwOaQOAG7uABHq1b6956sp6nqzPW580mfIP18gFZQJTU</latexit><latexit sha1_base64="WleTnFXkCTw+4eRdOdISTTOsagQ=">AAAB+nicjVDLSsNAFL3xWesr1aWbwSK4sSQq6M6iG5cV7AOaGCbTSTt0ZhJmJkqJ/RQ3LhRx65e48y/8BNPUhYqCBy4czrmXezhhwpk2jvNmzczOzS8slpbKyyura+t2ZaOl41QR2iQxj1UnxJpyJmnTMMNpJ1EUi5DTdjg8m/jta6o0i+WlGSXUF7gvWcQINrkU2BVPDeJAeJoJhK+yvYNxYFfdmlMA/U2qJ+9QoBHYr14vJqmg0hCOte66TmL8DCvDCKfjspdqmmAyxH3azanEgmo/K6KP0U6u9FAUq3ykQYX69SLDQuuRCPNNgc1A//Qm4m9eNzXRsZ8xmaSGSjJ9FKUcmRhNekA9pigxfJQTTBTLsyIywAoTk7dV/l8Jrf2a69Tci8Nq/XTaBpRgC7ZhF1w4gjqcQwOaQOAG7uABHq1b6956sp6nqzPW580mfIP18gFZQJTU</latexit><latexit sha1_base64="UXk29RlHXpf1rMZvshVEDcZDiWg=">AAAB+nicjVDLSgMxFL1TX7W+prp0EyyCG8uMCrosunFZwT6gHYdMmmlDk8yQZJQy9lPcuFDErV/izr8xfSxUFDxw4XDOvdzDiVLOtPG8D6ewsLi0vFJcLa2tb2xuueXtpk4yRWiDJDxR7QhrypmkDcMMp+1UUSwiTlvR8GLit26p0iyR12aU0kDgvmQxI9hYKXTLXTVIQtHVTCB8kx8ej0O34le9KdDfpAJz1EP3vdtLSCaoNIRjrTu+l5ogx8owwum41M00TTEZ4j7tWCqxoDrIp9HHaN8qPRQnyo40aKp+vcix0HokIrspsBnon95E/M3rZCY+C3Im08xQSWaP4owjk6BJD6jHFCWGjyzBRDGbFZEBVpgY21bpfyU0j6q+V/WvTiq183kdRdiFPTgAH06hBpdQhwYQuIMHeIJn5955dF6c19lqwZnf7MA3OG+fvi6TpQ==</latexit>

Matter 
volume grows

⇢⇤ ⇠ const.
<latexit sha1_base64="8sE1sd4A4HEgnV2GAWZHBvyRjLg=">AAACCHicjVC7SgNBFL0b3/G1amnhYBCswq4I2hm0sbBQMImQDWF2MjFDZmeWmbtiWFLa+Cs2ForY+gl2/oWf4CSxUFHwwIXDOfcwc0+cSmExCN68wsTk1PTM7FxxfmFxadlfWa1ZnRnGq0xLbS5iarkUildRoOQXqeE0iSWvx72joV+/4sYKrc6xn/JmQi+V6AhG0UktfyMyXd2KTlyiTSMrEhIhv8acaWWxPCAtvxSWgxHI36R08A4jnLb816itWZZwhUxSaxthkGIzpwYFk3xQjDLLU8p69JI3HFU04baZjw4ZkC2ntElHGzcKyUj9mshpYm0/id1mQrFrf3pD8TevkWFnv5kLlWbIFRs/1MkkQU2GrZC2MJyh7DtCmRHur4R1qaEMXXfF/5VQ2ymHQTk82y1VDsdtwCyswyZsQwh7UIFjOIUqMLiBO3iAR+/Wu/eevOfxasH7zKzBN3gvH3O6mwc=</latexit><latexit sha1_base64="8sE1sd4A4HEgnV2GAWZHBvyRjLg=">AAACCHicjVC7SgNBFL0b3/G1amnhYBCswq4I2hm0sbBQMImQDWF2MjFDZmeWmbtiWFLa+Cs2ForY+gl2/oWf4CSxUFHwwIXDOfcwc0+cSmExCN68wsTk1PTM7FxxfmFxadlfWa1ZnRnGq0xLbS5iarkUildRoOQXqeE0iSWvx72joV+/4sYKrc6xn/JmQi+V6AhG0UktfyMyXd2KTlyiTSMrEhIhv8acaWWxPCAtvxSWgxHI36R08A4jnLb816itWZZwhUxSaxthkGIzpwYFk3xQjDLLU8p69JI3HFU04baZjw4ZkC2ntElHGzcKyUj9mshpYm0/id1mQrFrf3pD8TevkWFnv5kLlWbIFRs/1MkkQU2GrZC2MJyh7DtCmRHur4R1qaEMXXfF/5VQ2ymHQTk82y1VDsdtwCyswyZsQwh7UIFjOIUqMLiBO3iAR+/Wu/eevOfxasH7zKzBN3gvH3O6mwc=</latexit><latexit sha1_base64="8sE1sd4A4HEgnV2GAWZHBvyRjLg=">AAACCHicjVC7SgNBFL0b3/G1amnhYBCswq4I2hm0sbBQMImQDWF2MjFDZmeWmbtiWFLa+Cs2ForY+gl2/oWf4CSxUFHwwIXDOfcwc0+cSmExCN68wsTk1PTM7FxxfmFxadlfWa1ZnRnGq0xLbS5iarkUildRoOQXqeE0iSWvx72joV+/4sYKrc6xn/JmQi+V6AhG0UktfyMyXd2KTlyiTSMrEhIhv8acaWWxPCAtvxSWgxHI36R08A4jnLb816itWZZwhUxSaxthkGIzpwYFk3xQjDLLU8p69JI3HFU04baZjw4ZkC2ntElHGzcKyUj9mshpYm0/id1mQrFrf3pD8TevkWFnv5kLlWbIFRs/1MkkQU2GrZC2MJyh7DtCmRHur4R1qaEMXXfF/5VQ2ymHQTk82y1VDsdtwCyswyZsQwh7UIFjOIUqMLiBO3iAR+/Wu/eevOfxasH7zKzBN3gvH3O6mwc=</latexit><latexit sha1_base64="4DbR7+s1COq0Qoan7x5sOutZ+ZE=">AAACCHicjVC7SgNBFJ31GeMramnhYBCswq4IWgZtLCwimAdkwzI7O0mGzGOZuSuGJaWNv2JjoYitn2Dn3zh5FCoKHrhwOOceZu6JU8Et+P6HNze/sLi0XFgprq6tb2yWtrYbVmeGsjrVQptWTCwTXLE6cBCslRpGZCxYMx6cj/3mDTOWa3UNw5R1JOkp3uWUgJOi0l5o+joKL10iIaHlEofAbiGnWlmojHBUKgcVfwL8NymjGWpR6T1MNM0kU0AFsbYd+Cl0cmKAU8FGxTCzLCV0QHqs7agiktlOPjlkhA+ckuCuNm4U4In6NZETae1Qxm5TEujbn95Y/M1rZ9A97eRcpRkwRacPdTOBQeNxKzjhhlEQQ0cINdz9FdM+MYSC6674vxIaR5XArwRXx+Xq2ayOAtpF++gQBegEVdEFqqE6ougOPaAn9Ozde4/ei/c6XZ3zZpkd9A3e2yfYqJnY</latexit>

Cosmological Constant 

3 
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Radiation 
volume & wavelength grows

⇢� ⇠ a�4
<latexit sha1_base64="G0wEXEi3+EJobdlzjXdvlAyNhNA=">AAAB/3icjVDLSsNAFL3xWesrKrhxM1gEN5ZECrqz6MZlBfuAJpab6bQdOpOEmYlQYhf+ihsXirj1N9z5F36CaepCRcEDFw7n3Ms9nCAWXBvHebNmZufmFxYLS8XlldW1dXtjs6GjRFFWp5GIVCtAzQQPWd1wI1grVgxlIFgzGJ5N/OY1U5pH4aUZxcyX2A95j1M0mdSxtz01iDpeH6VET3NJ8Co9qIw7dsktOznI36R08g45ah371etGNJEsNFSg1m3XiY2fojKcCjYueolmMdIh9lk7oyFKpv00zz8me5nSJb1IZRMakqtfL1KUWo9kkG1KNAP905uIv3ntxPSO/ZSHcWJYSKePeokgJiKTMkiXK0aNGGUEqeJZVkIHqJCarLLi/0poHJZdp+xeVErV02kbUIAd2IV9cOEIqnAONagDhRu4gwd4tG6te+vJep6uzlifN1vwDdbLByzYlvk=</latexit><latexit sha1_base64="G0wEXEi3+EJobdlzjXdvlAyNhNA=">AAAB/3icjVDLSsNAFL3xWesrKrhxM1gEN5ZECrqz6MZlBfuAJpab6bQdOpOEmYlQYhf+ihsXirj1N9z5F36CaepCRcEDFw7n3Ms9nCAWXBvHebNmZufmFxYLS8XlldW1dXtjs6GjRFFWp5GIVCtAzQQPWd1wI1grVgxlIFgzGJ5N/OY1U5pH4aUZxcyX2A95j1M0mdSxtz01iDpeH6VET3NJ8Co9qIw7dsktOznI36R08g45ah371etGNJEsNFSg1m3XiY2fojKcCjYueolmMdIh9lk7oyFKpv00zz8me5nSJb1IZRMakqtfL1KUWo9kkG1KNAP905uIv3ntxPSO/ZSHcWJYSKePeokgJiKTMkiXK0aNGGUEqeJZVkIHqJCarLLi/0poHJZdp+xeVErV02kbUIAd2IV9cOEIqnAONagDhRu4gwd4tG6te+vJep6uzlifN1vwDdbLByzYlvk=</latexit><latexit sha1_base64="G0wEXEi3+EJobdlzjXdvlAyNhNA=">AAAB/3icjVDLSsNAFL3xWesrKrhxM1gEN5ZECrqz6MZlBfuAJpab6bQdOpOEmYlQYhf+ihsXirj1N9z5F36CaepCRcEDFw7n3Ms9nCAWXBvHebNmZufmFxYLS8XlldW1dXtjs6GjRFFWp5GIVCtAzQQPWd1wI1grVgxlIFgzGJ5N/OY1U5pH4aUZxcyX2A95j1M0mdSxtz01iDpeH6VET3NJ8Co9qIw7dsktOznI36R08g45ah371etGNJEsNFSg1m3XiY2fojKcCjYueolmMdIh9lk7oyFKpv00zz8me5nSJb1IZRMakqtfL1KUWo9kkG1KNAP905uIv3ntxPSO/ZSHcWJYSKePeokgJiKTMkiXK0aNGGUEqeJZVkIHqJCarLLi/0poHJZdp+xeVErV02kbUIAd2IV9cOEIqnAONagDhRu4gwd4tG6te+vJep6uzlifN1vwDdbLByzYlvk=</latexit><latexit sha1_base64="wUNQnfSePy0i1yR/NMH55kBV5bI=">AAAB/3icjVC7SgNBFJ2Nrxhfq4KNzWAQbAy7EtAyaGMZwTwguy53J5NkyMzsMjMrhDWFv2JjoYitv2Hn3zh5FCoKHrhwOOde7uHEKWfaeN6HU1hYXFpeKa6W1tY3Nrfc7Z2mTjJFaIMkPFHtGDTlTNKGYYbTdqooiJjTVjy8mPitW6o0S+S1GaU0FNCXrMcIGCtF7l6gBkkU9EEICDQTGG7y4+o4cst+xZsC/03KaI565L4H3YRkgkpDOGjd8b3UhDkowwin41KQaZoCGUKfdiyVIKgO82n+MT60Shf3EmVHGjxVv17kILQeidhuCjAD/dObiL95ncz0zsKcyTQzVJLZo17GsUnwpAzcZYoSw0eWAFHMZsVkAAqIsZWV/ldC86TiexX/qlqunc/rKKJ9dICOkI9OUQ1dojpqIILu0AN6Qs/OvfPovDivs9WCM7/ZRd/gvH0CkcaVyg==</latexit>

<latexit sha1_base64="5lt1wzh2+4evw6UjPRXWv1m7Hgo=">AAAB7nicdVDLSsNAFL2pr1pfVZduBovgKiRSrF1ZcOOygn1AG8pkMmmHziRhZiKU0I9w40IRt36PO//CT3CaVFDRAxcO59zLvff4CWdKO867VVpZXVvfKG9WtrZ3dveq+wddFaeS0A6JeSz7PlaUs4h2NNOc9hNJsfA57fnTq4Xfu6NSsTi61bOEegKPIxYygrWResFQMYHwqFpz7GYOVJBGfUmaLnJtJ0ft8gNytEfVt2EQk1TQSBOOlRq4TqK9DEvNCKfzyjBVNMFkisd0YGiEBVVelp87RydGCVAYS1ORRrn6fSLDQqmZ8E2nwHqifnsL8S9vkOrwwstYlKSaRqRYFKYc6RgtfkcBk5RoPjMEE8nMrYhMsMREm4QqJoSvT9H/pHtmu+d2/aZea9WLNKAMR3AMp+BCA1pwDW3oAIEp3MMjPFmJ9WA9Wy9Fa8lazhzCD1ivn15ckQc=</latexit>

d ⇠ a

distances grow, energy density = energy/volume

Expansion dilutes



⇢⇤ ⇠ const.
<latexit sha1_base64="8sE1sd4A4HEgnV2GAWZHBvyRjLg=">AAACCHicjVC7SgNBFL0b3/G1amnhYBCswq4I2hm0sbBQMImQDWF2MjFDZmeWmbtiWFLa+Cs2ForY+gl2/oWf4CSxUFHwwIXDOfcwc0+cSmExCN68wsTk1PTM7FxxfmFxadlfWa1ZnRnGq0xLbS5iarkUildRoOQXqeE0iSWvx72joV+/4sYKrc6xn/JmQi+V6AhG0UktfyMyXd2KTlyiTSMrEhIhv8acaWWxPCAtvxSWgxHI36R08A4jnLb816itWZZwhUxSaxthkGIzpwYFk3xQjDLLU8p69JI3HFU04baZjw4ZkC2ntElHGzcKyUj9mshpYm0/id1mQrFrf3pD8TevkWFnv5kLlWbIFRs/1MkkQU2GrZC2MJyh7DtCmRHur4R1qaEMXXfF/5VQ2ymHQTk82y1VDsdtwCyswyZsQwh7UIFjOIUqMLiBO3iAR+/Wu/eevOfxasH7zKzBN3gvH3O6mwc=</latexit><latexit sha1_base64="8sE1sd4A4HEgnV2GAWZHBvyRjLg=">AAACCHicjVC7SgNBFL0b3/G1amnhYBCswq4I2hm0sbBQMImQDWF2MjFDZmeWmbtiWFLa+Cs2ForY+gl2/oWf4CSxUFHwwIXDOfcwc0+cSmExCN68wsTk1PTM7FxxfmFxadlfWa1ZnRnGq0xLbS5iarkUildRoOQXqeE0iSWvx72joV+/4sYKrc6xn/JmQi+V6AhG0UktfyMyXd2KTlyiTSMrEhIhv8acaWWxPCAtvxSWgxHI36R08A4jnLb816itWZZwhUxSaxthkGIzpwYFk3xQjDLLU8p69JI3HFU04baZjw4ZkC2ntElHGzcKyUj9mshpYm0/id1mQrFrf3pD8TevkWFnv5kLlWbIFRs/1MkkQU2GrZC2MJyh7DtCmRHur4R1qaEMXXfF/5VQ2ymHQTk82y1VDsdtwCyswyZsQwh7UIFjOIUqMLiBO3iAR+/Wu/eevOfxasH7zKzBN3gvH3O6mwc=</latexit><latexit sha1_base64="8sE1sd4A4HEgnV2GAWZHBvyRjLg=">AAACCHicjVC7SgNBFL0b3/G1amnhYBCswq4I2hm0sbBQMImQDWF2MjFDZmeWmbtiWFLa+Cs2ForY+gl2/oWf4CSxUFHwwIXDOfcwc0+cSmExCN68wsTk1PTM7FxxfmFxadlfWa1ZnRnGq0xLbS5iarkUildRoOQXqeE0iSWvx72joV+/4sYKrc6xn/JmQi+V6AhG0UktfyMyXd2KTlyiTSMrEhIhv8acaWWxPCAtvxSWgxHI36R08A4jnLb816itWZZwhUxSaxthkGIzpwYFk3xQjDLLU8p69JI3HFU04baZjw4ZkC2ntElHGzcKyUj9mshpYm0/id1mQrFrf3pD8TevkWFnv5kLlWbIFRs/1MkkQU2GrZC2MJyh7DtCmRHur4R1qaEMXXfF/5VQ2ymHQTk82y1VDsdtwCyswyZsQwh7UIFjOIUqMLiBO3iAR+/Wu/eevOfxasH7zKzBN3gvH3O6mwc=</latexit><latexit sha1_base64="4DbR7+s1COq0Qoan7x5sOutZ+ZE=">AAACCHicjVC7SgNBFJ31GeMramnhYBCswq4IWgZtLCwimAdkwzI7O0mGzGOZuSuGJaWNv2JjoYitn2Dn3zh5FCoKHrhwOOceZu6JU8Et+P6HNze/sLi0XFgprq6tb2yWtrYbVmeGsjrVQptWTCwTXLE6cBCslRpGZCxYMx6cj/3mDTOWa3UNw5R1JOkp3uWUgJOi0l5o+joKL10iIaHlEofAbiGnWlmojHBUKgcVfwL8NymjGWpR6T1MNM0kU0AFsbYd+Cl0cmKAU8FGxTCzLCV0QHqs7agiktlOPjlkhA+ckuCuNm4U4In6NZETae1Qxm5TEujbn95Y/M1rZ9A97eRcpRkwRacPdTOBQeNxKzjhhlEQQ0cINdz9FdM+MYSC6674vxIaR5XArwRXx+Xq2ayOAtpF++gQBegEVdEFqqE6ougOPaAn9Ozde4/ei/c6XZ3zZpkd9A3e2yfYqJnY</latexit>

Cosmological Constant 
Λ <latexit sha1_base64="IPuUehzjt2XMFA8H+/pvm2Pi8eE=">AAAB7XicdVDLSsNAFL2pr1pfVZduBovgxpBIsHYhFty4rGAf0IYymU7asZMHMxOlhP6DGxeKuPV/3PkXfoLTpIKKHrhwOOde7r3HizmTyrLejcLC4tLySnG1tLa+sblV3t5pySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3vpj57VsqJIvCazWJqRvgYch8RrDSUuuub50d2f1yxTJrGVBOqs6c1Gxkm1aGyvkHZGj0y2+9QUSSgIaKcCxl17Zi5aZYKEY4nZZ6iaQxJmM8pF1NQxxQ6abZtVN0oJUB8iOhK1QoU79PpDiQchJ4ujPAaiR/ezPxL6+bKP/UTVkYJ4qGJF/kJxypCM1eRwMmKFF8ogkmgulbERlhgYnSAZV0CF+fov9J69i0T0znyqnUnTwNKMIe7MMh2FCFOlxCA5pA4Abu4RGejMh4MJ6Nl7y1YMxnduEHjNdP1Q2QFA==</latexit>

w0 = �1

Dark Energy  

equation of state (many models)

<latexit sha1_base64="UN48OJeFdvAlGb5efgr9vgRGNCo="></latexit>

⇢DE ⇠ a1+w(a)

parametrisew0wa
<latexit sha1_base64="W90Vjm0yfaDJXJ2MiEPNeyf120w="></latexit>

w(a) = w0 + wa(1� a)

Dark Energy At Last



�̈ + [expansion] �̇ + [pressure� gravity] � = 0
<latexit sha1_base64="bGabGi180UGYfd8xnt5w9N2unnI="></latexit><latexit sha1_base64="bGabGi180UGYfd8xnt5w9N2unnI="></latexit><latexit sha1_base64="bGabGi180UGYfd8xnt5w9N2unnI="></latexit><latexit sha1_base64="qUgYkX+5pcBOueD0qc9/Vauj5/M="></latexit>

density contrast

Winner writes history 

1 + �(x, t) =
⇢(x, t)

⇢̄(t)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gravity (matter) → δ grows <latexit sha1_base64="1uYBzr0qEKu2WEEBN83EYaNaYWE=">AAACBnicdZDLSgMxFIbP1Futt1GXIgSL0G6GGRmsXYgFXbisYC/QlpLJpG1o5kKSEUrpyo2v4saFIm59Bne+hY9gOq2goj8EPv5zDifn92LOpLLtdyOzsLi0vJJdza2tb2xumds7dRklgtAaiXgkmh6WlLOQ1hRTnDZjQXHgcdrwhufTeuOGCsmi8FqNYtoJcD9kPUaw0lbX3G/7lCtcwMW2ZAG6mMLcOXWKXTNvW+VUaAYldw5lBzmWnSp/9gGpql3zre1HJAloqAjHUrYcO1adMRaKEU4nuXYiaYzJEPdpS2OIAyo74/SMCTrUjo96kdAvVCh1v0+McSDlKPB0Z4DVQP6uTc2/aq1E9U46YxbGiaIhmS3qJRypCE0zQT4TlCg+0oCJYPqviAywwETp5HI6hK9L0f9QP7KcY8u9cvMVd5YGZGEPDqAADpSgApdQhRoQuIV7eIQn4854MJ6Nl1lrxpjP7MIPGa+f2xmY4w==</latexit>

�(a) ⇠ D(a)�(a = 1)

expansion (dark energy) → δ freezes

Cosmic Tug of War



records physics on large scales 
measurable galaxy clustering & weak lensing

LCDM Δw0=±0.05

LCDM Δwa=±0.05

LCDM ΔΩm=±0.01
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Linear Growth



fifth force affects linear structure growth  

depends on time and scale

credit: review 
Ishak `19

<latexit sha1_base64="InPOB0vBH+fMuE/jP2U2SIWVA5o="></latexit>

/ ⌦m(a)�

�GR ' 0.55

Modified Gravity Scalars

https://link.springer.com/article/10.1007/s41114-018-0017-4

