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where on the left hand side we can see the ingredients of the linear equation of motion and433

nonlinear terms on the right hand side. We can now translate this result to the nonlinear and434

linear density contrasts, using the time-evolution for de-Sitter a(t) = a0(t/t0)2/3435
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Here �L is the solution to the linear equation, the left hand side in equation (68) and we436

assumed an overdensity �L > 0. Since we have assumed mass conservation, our analysis is437

only valid until shell-crossing.438

Critical value for collapse The evolution of the radius of the overdensity has different stages,439

first it expands, as small perturbations expand with the cosmological expansion. Then it440

reaches a turnaround point and then collapses under its own gravity. In this simple model441

it will reach R = 0 which is unphysical and due to the assumptions being violated by having442

a sufficiently large density, shell-crossing will invalidate the treatment as perfect pressureless443

fluid and non-radial fluctuations will develop. Even the collissionless dark matter will undergo444

a process called “violent relaxation” which will establish virial equilibrium.445

An interesting result from this model is a critical threshold for collapse of the linear fluc-446

tuation �L . When ' = 0 the perturbations are zero and the density contrast � reaches a447

turnaround at ' = ⇡ for which we have the nonlinear and linear density contrast448

�T = �(⇡) = (3⇡/4)2 � 1⇡ 4.55 , �L(⇡)⇡ 1.063 . (70)

For the final ' = 2⇡ the nonlinear density contrast becomes singular, which occurs at449

�(2⇡)!1) �c = �L(2⇡) =
3
5
(3⇡/2)2/3 ⇡ 1.686 (71)

at a time that is twice the turnaround time. Interestingly, this value is time-independent such450

that in an EdS universe, a spherical perturbation collapses to a singularity whenever the linear451

density exceeds this critical threshold �c .452

Virialisation Of course, a realistic density perturbation will neither be spherical nor homo-453

geneous, and we know that shell-crossing will occur at some point. In the long run the col-454

lapse does not proceed to a point (and hence a singular density), but it reaches virial equilib-455

rium such that the potential and kinetic energies are related as U = �2K with total energy456

E = U + K = U(rmax) = 1. As U/ R
�1 we have Rvir = 1/2Rmax. As R(')/ 1� cos' we had457

the maximum at' = ⇡ and thus half the value is found at'vir = 3⇡/2 after which R(') should458

be considered constant. Let us now look at the overdensity at virialisation, obtained from com-459

pressing the overdensity at turnaround in half the radius while the background dilutes with460

a
�3/ t

�2
461

(1+�(⇡)) · 23

(t(⇡)/t(2⇡))2
= 18⇡2 ⇡ 178. (72)

This provides a motivation for a rounded threshold density� = 200 for defining the mass and462

radius of a halo, often denoted by M200 and R200.463

Closed-form approximations For simplicity, one can rely on an approximate explicit param-464

eterisation for spherical collapse in an EdS universe, given by465

⇢NL,⌫(�L) =
Å

1� �L

⌫

ã�⌫
, (73)
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on large scales: matter distribution statistically

Galaxy Correlation Function

homogenous isotropic



excess correlation compared to random distribution 
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Baryon Acoustic Oscillations survive all the way 

CMB -> Large-Scale Structure
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A Coherent Picture

peak series in frequency scale = 1 peak in spatial scales
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Late Time  
Galaxy Distribution

Baryon Acoustic Oscillations survive all the way 

Mpc/h



excess correlation compared to random distribution 

random 

⇠(r)

r

0

Galaxy Correlation Function

⇠(r) = h�(x+ r)�(x)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

averagedensity contrast

r+ r-

toy distribution with 
excess & defect

r-

r+



excess correlation compared to random distribution 

random 

⇠(r)

r

0

Galaxy Correlation Function

⇠(r) = h�(x+ r)�(x)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

averagedensity contrast

r+ r-

realistic distribution with 
excess & defect

r-

r+



12.93

13.35

13.63

13.85

14.07

14.34

14.79

0 50 100 150 200
-10

0

10

20

30

40

r @MpcêhD

x
r2
êHb

1E
L2
@HM

pc
êhL

2 D

z=0, CLPT lgMopt

linear result

Galaxy correlation function
Correlation function

linear prediction reasonable on large scales 



Galaxy correlation function

Moon et al. 2023 Early DESI data

DESI Early BAO Detection 7

Figure 5. Two-point correlation function measurements of the four DESI tracers, obtained from the DESI-M2 sample. Errorbars are derived from the diagonal
of the corresponding covariance matrixes, although we caution the reader of a significant bin-to-bin correlation in these measurements. Model curves are simple
damped linear theory predictions that indicate the expected overall clustering amplitude and BAO damping typical at the mean redshift of the target samples.

All of the two-point correlation function calculations are per-
formed with the Python package pycorr,9 which wraps a modified
version10 of the Corrfunc package (Sinha & Garrison 2019; Sinha
& Garrison 2020).11

Figure 5 shows the observed two-point correlation functions of the
four tracers discussed in Section 2.2, contrasted with simple damped
linear theory models that indicate the expected overall clustering
amplitude and BAO damping typical at the mean redshift of the
target samples. From LRGs and BGS, we observe a local bump
near the expected location of the BAO peak. Moreover, while BGS
observations appear to lie systematically below the model curve at
scales greater than 120⌘�1Mpc, this is simply because there are
fewer modes at larger separations in these early DESI data. Therefore,
they are highly correlated and thus the amplitude of the two-point
correlation function decreases at those scales.12 For ELGs and QSOs,
the amplitude of the observed clustering appears consistent with the

ensures that the ✓ > 0 multipoles are exactly zero if b̂ (B, `) remains constant
as a function of `.
9 https://github.com/cosmodesi/pycorr
10 https://github.com/adematti/Corrfunc
11 https://github.com/manodeep/Corrfunc
12 In addition, note that we only fit up to 150⌘�1Mpc for the BAO analy-

theoretical expectations (within errors), although it is challenging
to identify a clear BAO-like signature. Indeed, we do not expect a
BAO detection from ELGs and QSOs of the DESI-M2 sample, given
the small survey volume in combination with the low completeness
(ELGs) and high shot noise (QSOs).

4.2 Density Field Reconstruction

We apply the density field reconstruction technique (Eisenstein et al.
2007) on the observed galaxy density fields in order to partially
recover the BAO feature that has been degraded due to structure
growth and redshift space distortions (RSD). To do so, we follow the
iterative procedure described in Burden et al. (2015), as implemented
in the IterativeFFTReconstruction algorithm of the pyrecon
package13 with the RecIso convention.14 The density contrast field
is smoothed by a Gaussian kernel of width 15 ⌘

�1Mpc and three

sis, where the corresponding linear theory prediction is still consistent with
observations – within errorbars.
13 https://github.com/cosmodesi/pyrecon
14 RecIso is a choice to remove the large-scale anisotropy due to redshift-
space distortions in the process of reconstruction (Padmanabhan et al. 2012;
Seo et al. 2016).
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Galaxy Correlation function

• large scales: galaxies trace matter linearly


