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Matter -> Observables
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Tracer Bias & Stochasticity

adapted from Gould et al. 24

5

that at fixed order the Lagrangian model provides a bet-
ter fit for the conditional mean than the Eulerian bias ex-
pansion. The authors validated their Lagrangian bias ex-
pansion against standard consistency relations between
Eulerian and Lagrangian perspectives, confirming that
their approach is robust and consistent with established
two-point statistics. Their analysis also confirms that
shot noise deviates from the expected Poisson distribu-
tion. The current approach for modelling tracer kNN
statistics uses Hybrid E!ective Field Theory that com-
bines a perturbative Lagrangian bias model with N -body
dynamics for the displacements of dark matter and trac-
ers (Banerjee et al. 2022). Here we will take advantage of
theoretical predictions for the matter PDF and augment
them with a parameterisation of the conditional tracer
given matter density PDF relying on suitable bias and
stochasticity models.

3.1. Conditional tracer given matter density PDF

Having predicted the matter PDF, we have the first
ingredient for the joint PDF of tracer and matter densi-
ties, which we can write as a product of the conditional
PDF of tracer counts given matter density and the mat-
ter PDF

P(Nt, ωm) = P(Nt|ωm)Pm(ωm) . (13)

A tracer density contrast can be defined through ωt =
Nt/N̄t → 1 with the mean number of tracers per cell N̄t.
Then we can write P(Nt|ωm) = P(ωt|ωm)/N̄t. In Figure 2
we show the conditional PDF P(ωh|ωm) of halo densities
in spheres given a certain matter density in spheres. This
is extracted from 8000 realisations of the Quijote fidu-
cial cosmology. We clearly see that there is a strong trend
and correlation between matter and tracer densities in
cells (with correlation coe”cients of around 0.9, see Ap-
pendix A.2.2 for details), but also some scatter. We de-
scribe this conditional PDF with two ingredients, the
conditional mean Nt(ωm) = ↑Nt|ωm↓ and the conditional
variance ↑N

2
t |ωm↓c of tracer counts at fixed matter den-

sity contrast. The conditional mean – shown by the solid
black line – follows the ‘ridge’ of the joint PDF, while
the conditional variance captures the scatter around the
expectation value – indicated by the dotted lines. For
a Poisson distribution, the conditional variance agrees
with the conditional mean, and as such we express the
model in terms of the ratio ε(ωm) = ↑N

2
t |ωm↓c/↑Nt|ωm↓.

This model was introduced for density-split statistics
in Friedrich et al. (2018); Gruen et al. (2018), gener-
alised in Friedrich et al. (2022) and used for studying
HODs in Britt et al. (2024). We apply it to 3D den-
sities for the first time. The conditional distribution of
galaxy counts at fixed matter density with a bias model
Nt(ωm) = N̄t[1 + ωt(ωm)] and a shot noise model ε(ωm)
is given as equation (23) in Friedrich et al. (2020b)

P(Nt|ωm) =
1

ε(ωm)
exp

(
→
N t(ωm)

ε(ωm)

)
(14)

↔

[
#

(
Nt

ε(ωm)
+ 1

)]→1 (
N t(ωm)

ε(ωm)

) Nt
ω(εm)

.

Fig. 2.— Conditional PDF P(ωh|ωm) using 8000 realisations of
the Quijote fiducial cosmology at redshift z = 0.0 and smoothing
scale R = 25Mpc/h. The black line shows the conditional mean
roughly following the ‘ridge’ of the conditional PDF, while there
is also some scatter around the conditional mean, i.e. shot noise
(black dashed lines).

This can be viewed as a remapping of the continuation
of the discrete Poisson distribution where ε = 1

P(Nt|ωm) = PP

(
Ñt =

Nt

ε(ωm)
; Ñt =

Nt(ωm)

ε(ωm)

)
1

ε(ωm)
,

(15)
where the normalisation ε(ωm)→1 comes from the Jaco-
bian dÑt/dNt and the Gamma function is the generali-
sation of the factorial to non-integers. This distribution
produces the input conditional mean ↑Nt|ωm↓ = Nt(ωm)
and the conditional variance ↑N

2
t |ωm↓c = ε(ωm)Nt(ωm).

In the limit of fine sampling N̄t ↗ ↘, this is well ap-
proximated by a Gaussian of mean Nt(ωm) and variance
ε(ωm)Nt(ωm) as we show in more detail in Appendix A.1.

In the spectroscopic case, the relevant observable is
the tracer PDF P(Nt), which is obtained as a marginal
of this joint PDF by integrating over the matter densities

Pt(Nt) =

∫
P(Nt|ωm)Pm(ωm)dωm . (16)

In the photometric case, the joint one-point PDF of find-
ing N tracers and a matter overdensity ωm in cylindri-
cal cells (Friedrich et al. 2022) can be translated to an
observable joint PDF between the tracer count and the
weak lensing convergence. The joint PDF is also re-
lated to the corresponding cross-correlation (k1, k2)-NN
statistics (Banerjee and Abel 2021b), which have been
extended to the correlations of tracers with a continuous
field in Banerjee and Abel (2023).

3.2. Conditional mean bias model

The conditional mean encodes a local tracer bias model
↑Nt|ωm↓ = N̄t(1 + ↑ωt|ωm↓). Figure 3 shows the con-
ditional mean calculated from 500 realisations of the
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matter PDF  
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Tracer Bias
one-point local bias: conditional mean <δh|δm> 



Tracer Bias Power Spectrum
power spectrum: linear (scale-dep) bias 
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Tracer Stochasticity
one-point shot noise: conditional variance <δh2|δm> 



Tracer Stochasticity
power spectrum shot noise: white noise
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Redshift Space Distortions
Newtonian picture: Effect of peculiar velocities on redshift 

• object with intrinsic redshift z & radial peculiar (w.r.t. overall Hubble flow) velocity || line of sight

Figure 1: The emitting galaxy, with peculiar velocity vp, can be considered to be instan-
taneously in an infinitesimal inertial frame with a hypothetical comoving observer at the
same position. Thus special relativity applies in converting vp to zp. (The separation
represented by the red bar in this sketch is for illustrative purposes only, the emitter and
local comoving observer should be coincident). The photon then experiences the same
cosmological redshift, z̄, that any photon emitted from the local comoving galaxy would
experience. It is clear from the ratio of emitted and observed wavelengths that to get
the total observed redshift, z, the cosmological redshift, z̄, should be combined with the
peculiar redshift, zp, multiplicatively according to Eq. 42.

equation (36) by definition. In other words, the redshift-space physical comoving distance s
is the apparent physical comoving distance of an object in redshift space, which is originally
at redshift z but is shifted by its own peculiar velocity.

s(z) =

Z
zobs

0

dz0

H(z0)
=

Z
z

0

dz0

H(z0)
+

Z
z+(1+z)vp,z

z

dz0

H(z0)
' x(z) +

vp,z
aH(z)

, (40)

where we used a(z) = 1/(1+z) in the last step. From the redshift-space physical comoving
distance s, we also define the redshift-space analog of comoving coordinate, �s as �s(z) =
�(zobs), or equivalently �s = s(z) in the absence of spatial curvature.

2.3 Combining cosmological and Doppler redshift

[?]
Abbreviating the emitted and observed wavelengths as �e and �o, respectively, the

definition of redshift is,

z ⌘
�o � �e

�e
or equivalently 1 + z ⌘

�o

�e
. (41)

Imagine you have three galaxies. (1) An emitter with peculiar velocity, which emits
light at wavelength �e; (2) A local comoving galaxy (at the same position as the emitter),
which sees the light from the emitter at �c; and (3) A distant comoving galaxy, which sees
the light from the emitter at �o. (Assume the peculiar velocity is along the line of sight
between the distant comoving galaxy and the emitter. See Fig. 1.)

The redshift between the emitter and local comoving observer would be 1+zp = �c/�e.
This redshift occurs between two coincident observers (two observers at the same position,

6

1 + zp =
1 + v||/cp
1� (v/c)2

extra Doppler type redshift  
w.r.t (imaginary) object at rest

• redshift - distance relation via Hubble: expand around intrinsic redshift

s(z) =

Z zobs

0

dz
0

H(z0)
=

Z z

0

dz
0

H(z0)
+

Z z+(1+z)vr

z

dz
0

H(z0)
' r(z) +

vr

aH(z)
,

s(r) = r +
vr(r)

H
r̂

general formula:
wide angle

different line of sights

distant observer
fixed line of sight
w.l.o.g z-direction

r̂ ⌘ ẑ



Redshift Space Distortions
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Spectroscopic Surveys
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Figure 17. Measured and best-fit monopole and quadrupole from DESI DR1 measurements. Sym-
bols display the measurements and solid lines the best-fitting power spectrum model to each of the
individual redshift bins according to the baseline model, as listed in Table 10 as ‘Full-Modelling alone’.
The errors are 1ω and include both the statistical and systematic error budget. The panels display
the six redshift bins of the tracers presented in Table 1, with the same colour scheme employed in
previous plots. The bottom subpanels display the residuals between data and model in units of the
diagonal error.

H0. As before, we report an excellent consistency on the H0 value from all the tracers.
Figure 17 displays how the best-fitting model for !CDM (solid lines) for the Full-

Modelling analysis combined with BAO post-reconstruction (no Ly-ε), performs with the
measured power spectrum multipoles of the six redshift bins of the DESI DR1 data. In
general, we confirm that the !CDM model produces a good fit to the data, as shown by the
minimum ϑ

2-per-degree-of-freedom value reported in Table 10.

7.3 Comparison to previous analyses

Prior to DESI DR1; the largest galaxy redshift surveys were undertaken as part of the SDSS;
these were BOSS [132] and eBOSS [85]. In order to compare the results from SDSS we have
run the DESI baseline Full-Modelling pipeline on publicly available BOSS and eBOSS data
[194]. Specifically, we used the pre-reconstruction power spectra of the two non-overlapping
BOSS LRG redshift bins (0.2 < z < 0.5 and 0.5 < z < 0.7) in combination with the
eBOSS QSO (0.8 < z < 2.2). For simplicity, we ignore the ELG targets and the rest of the

– 53 –

DESI 2024 V: Full-Shape Galaxy Clustering from Galaxies and Quasars
DESI Collaboration, arXiv: 2411.12021



Matter -> Observables
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where f is the linear growth rate and jn(x) are the spherical Bessel functions. We use their875

prefactors, given in terms of linear local Eulerian bias b
E
1 = 1+b1(lgMopt) determined from the876

best fitting mass for the real space correlation function, see Tab. ??, as a normalization when877

plotting multipoles.878

4.3 Photometric clustering and weak lensing879

Both �m and  can be considered as line-of-sight projections of the 3-dimensional density880

contrast �3D. Identifying points on the sky by unit vectors n̂ on the sphere and assuming a881

spatially flat Universe this can be written as [?]882

�m(n̂) =
Z

d� wm(�) �3D(� · n̂,⌘0 ��) , (141)

(n̂) =
Z

d� wl(�) �3D(� · n̂,⌘0 ��) . (142)

Here � is co-moving distance, and wm and wl are the line-of-sight projection kernels corre-883

sponding to the two fields. wm(�) is given in terms of the redshift distribution ng(z) of the884

tracer (lens) galaxies as885

wm(�) = ng(z(�))
dz

d�
(�) , (143)

and the weak lensing kernel is given by the source galaxy distribution ns(zs)886

wl(�) =
Z

dzs ns(zs)wl,zs
(z(�)) , (144)

wl,zs
(z) =

3H
2
0⌦m

2c2

�(z)
⇥
�(zs)��(z)
⇤

�(zs)
(1+ z)⇥(zs � z) , (145)

where ⌦m is today’s total matter density in units of the critical density, H0 is today’s Hubble887

expansion rate, c is the speed of light and ⇥ is the Heaviside function.888

We assume a flat universe and adopt the Limber approximation. The two-point angular889

cross power spectra for galaxy clustering can be formulated as890

C
`
gi ,gi
= b

2
i

Z �1

0
d�

dN
i

l

dz

2

Pgi ,gi

Å
`

�
,�
ã

(146)

where bi denotes the linear galaxy bias, dN
i

dz
denotes the photometric redshift distribution891

in photo-z bin i, and Pgi ,gi is the non-linear matter power spectrum for galaxy-galaxy auto-892

clustering for photo-z bin i.893
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The galaxy-galaxy lensing angular power spectra are given by894
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(147)

where the lensing efficiency Wi(�) of the tomographic redshift bin i is given by895

Wi(�) =
3H

2
0⌦M

2c2

�

a(�)

Z �1

�

� 0 ��
� 0

dN
i

s

d� 0
d� 0 . (148)
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0
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ã

, (149)

4.4 Halo mass function896

explain how to predict halo bias?897

4.5 Halo occupation distributions898

Halo occupation distributions (HODs) are used as simplistic recipes to translate halo catalogs to899

mock galaxy catalogs. The key idea is that halos are occupied by central and satellite galaxies,900

in the standard HOD model the mean number of galaxies is given by their sum901

hNg(Mh)i= hNcen(Mh)i+ hNsat(Mh)i . (150a)

The mean occupation of central galaxies is parameterised by902

hNcen(Mh)i=
1
2

ñ
1� erf

Ç
log(Mh/M

min
h
)

�log M

åô
, (150b)

where M
min
h

is the minimum mass for which half of the halos host a central galaxy above903

the luminosity threshold and �log M is related to the scatter of the central galaxy luminosity in904

halos of mass Mh. Every individual halo has either no or one central galaxy with the probability905

indicated above. The mean occupation of satellites follows a power law as906

hNsat(Mh)i= hNcen(Mh)i
Å

Mh �M0

M1

ã↵
. (150c)

with M0 is the halo mass cut-off for satellite occupation, M1 is given such that Mh = M0 +M1907

is the typical mass scale for halo to host one satellite and ↵ is the slope at high halo mass.908

5 Large-scale structure probes909

5.1 Spectroscopic Galaxy clustering910

5.1.1 Baryonic acoustic oscillations911

5.1.2 Full Shape correlation functions912

5.2 Intensity Mapping913

For the Lyman-alpha forest and how it can constrain dark matter properties see the lecture914

notes by Eric Armengaud.915

36

SciPost Physics Lecture Notes Submission

The galaxy-galaxy lensing angular power spectra are given by894

C
`
i ,g j

= bj

Z �1

0
d�

Wi(�)
�

dN
j

l

d�
Pm,gi

Å
`

�
,�
ã

(147)

where the lensing efficiency Wi(�) of the tomographic redshift bin i is given by895

Wi(�) =
3H

2
0⌦M

2c2

�

a(�)

Z �1

�

� 0 ��
� 0

dN
i

s

d� 0
d� 0 . (148)

Ci , j =
Z �1

0

Wi(�)Wj(�)
�2

Pm,m

Å
`

�
,�
ã

, (149)

4.4 Halo mass function896

explain how to predict halo bias?897

4.5 Halo occupation distributions898

Halo occupation distributions (HODs) are used as simplistic recipes to translate halo catalogs to899

mock galaxy catalogs. The key idea is that halos are occupied by central and satellite galaxies,900

in the standard HOD model the mean number of galaxies is given by their sum901

hNg(Mh)i= hNcen(Mh)i+ hNsat(Mh)i . (150a)

The mean occupation of central galaxies is parameterised by902

hNcen(Mh)i=
1
2

ñ
1� erf

Ç
log(Mh/M

min
h
)

�log M

åô
, (150b)

where M
min
h

is the minimum mass for which half of the halos host a central galaxy above903

the luminosity threshold and �log M is related to the scatter of the central galaxy luminosity in904

halos of mass Mh. Every individual halo has either no or one central galaxy with the probability905

indicated above. The mean occupation of satellites follows a power law as906

hNsat(Mh)i= hNcen(Mh)i
Å

Mh �M0

M1

ã↵
. (150c)

with M0 is the halo mass cut-off for satellite occupation, M1 is given such that Mh = M0 +M1907

is the typical mass scale for halo to host one satellite and ↵ is the slope at high halo mass.908

5 Large-scale structure probes909

5.1 Spectroscopic Galaxy clustering910

5.1.1 Baryonic acoustic oscillations911

5.1.2 Full Shape correlation functions912

5.2 Intensity Mapping913

For the Lyman-alpha forest and how it can constrain dark matter properties see the lecture914

notes by Eric Armengaud.915

36

photometric 
clustering

cosmic shear

galaxy- 
galaxy lensing

matter power spectrum modelled by halofit or updates 


