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GWs for cosmology

Aims:  
• how can probe cosmology and the  
  expansion history of the universe at  
  early and late times with GWs 
• in practice how one tries to do it 
• current status of results
• prospects



Mean expansion rate of universe today: 
Hubble constant  tensionH0

Hubble is interesting science

•      is a fundamental quantity in cosmologyH0

• currently there 
is tension 
between CMB 
and SN 
measurements 

• Plot from 
Wendy 
Freedman 
(2017)

 tension between early (assuming cosmological model),  
                              and late-time (local) measurements
4 − 6σ

GWs for cosmology



•  Pedro’s lectures with EM sources:

Redshifts easy!
Distances hard!

z ⇒
dL(z) ⇒ Distance ladder: parallax, cepheids, SN…

With many difficulties

•  GW sources: 

Redshifts hard!
Distances easy!  
                            more straightforward

z ⇒
dL(z) ⇒ No need for a distance ladder:  comes directly 

from the observed signal
dL(z)

•  Pedro’s lectures focused on scalar modes: 

Linear and non-linear perturbation theory: breaks down quickly

• GWs: transverse and traceless tensor modes 

Linear perturbation theory fine



• Lecture 1:  – Overview on early- and late-time cosmology with GWs;  current and future experiments,  
                   – orders of magnitude    

• Lecture 2: – Late-time cosmology: GWs and  
                  – GWs in theories beyond GR,  
                  – standard sirens I: Measuring  with GWs and O3 results of LVK 
                  – Back to early-time universe: an example of what physics we can probe.

dL(z)
dGW

L (z)
H0

• Lecture 3 (Chiara Caprini):  
                  – cosmological stochastic GW background: early-universe cosmology with GWs 
                       Solutions of the GW propagation equation in FLRW; its calculation for different 
                         sources (inflation, topological defects, first order phase transitions) 
                       

• Lecture 4 (Nicola Tamanini):  
                  – Standard sirens II: more details, statistical methods, future prospects

• Lecture 5 (Tania Regimbau):  
                   – astrophysical stochastic GW background: Definition/statistical properties,  
                      pulsar timing arrays and background from supermassive BH binaries, LVK results,  
                      prospects for the future.



Overview



Gravitational waves for cosmology

Iate-time universe

Individual resolvable  
astrophysical sources
and populations of sources
at cosmological distances
e.g.  binary neutron stars (BNS), 
      binary black holes (BBH),
      neutron star-black-hole binary (NS-BH)
      Rotating asymmetric neutron stars 
      supernova explosions…

– Expansion rate 
– Hubble constant 
– 
– beyond , dark energy 
– late-time modified gravity (modified GW propagation)
– astrophysics; eg populations of BBHs
….

H(z)
H0

Ωm
ΛCDM w(z)
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Stochastic GW background 
astrophysical and cosmological  
origin

Very early universe until today

t & tPl

More speculative.  Early universe sources beyond standard 
model of particle physics!

<latexit sha1_base64="KY1WJflZFFakoHIsvmCgwanUW4s="></latexit>

⌦gw(t0, f) =
f

⇢c

d⇢gw
df

(t0, f)

– population of BH, white dwarfs..
– inflationary GWs
– 1st order Phase transitions
– topological defects
– scalar induced GWs
– primordial black holes 
– axions 
– early modified gravity…



Gravitational waves for cosmology
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Figure 4. Same as Fig. 3 but for a di↵erent selection of models and showing a larger frequency range. The solid lines represent
median GWB spectra for a subset of new-physics models (see Appendix B for more details); the gray violins correspond to
the posteriors of an HD-correlated free spectral reconstruction of the NANOGrav signal; and the shaded regions indicate the
power-law-integrated sensitivity (Thrane & Romano 2013) of various existing and planned GW interferometer experiments:
LISA (Amaro-Seoane et al. 2017), DECIGO (Kawamura et al. 2011), BBO (Crowder & Cornish 2005), Einstein Telescope (ET;
Punturo et al. 2010), Cosmic Explorer (CE; Reitze et al. 2019), the HLVK detector network (consisting of aLIGO in Hanford
and Livingston (Aasi et al. 2015), aVirgo (Acernese et al. 2015), and KAGRA (Akutsu et al. 2019)) at design sensitivity, and
the HLV detector network during the third observing run (O3). All sensitivity curves are normalized to a signal-to-noise ratio
of unity and, for planned experiments, an observing time of one year. For the HLV detector network, we use the O3 observing
time. Di↵erent signal-to-noise thresholds ⇢thr and observing times tobs can be easily implemented by rescaling the sensitivity
curves by a factor of ⇢thr/

p
tobs. More details on the construction of the sensitivity curves can be found in Schmitz (2021).

We emphasize that models whose median GWB spectrum exceeds the sensitivity of existing experiments are not automatically
ruled out. This applies, e.g., to cosmic superstrings (super) and the O3 sensitivity of the HLV detector network. Typically, no
single GWB spectrum in a given model will coincide with the median GWB spectrum, which is constructed from distributions
of h

2⌦GW values at any given frequency. Therefore, if the median GWB spectrum is in conflict with existing bounds, typically
only some regions in the model parameter space will be ruled out, while others remain viable (see, e.g., Fig. 11 for the super
model). Finally, note that any primordial GWB signal is subject to the upper limit on the amount of dark radiation in Eq. (23),
which requires the total integrated GW energy density to remain smaller than O(10�(5···6)) (see Section 5.1).

eters in these models are fairly well known (e.g., con-
cerning the galaxy stellar mass function), others are
almost entirely unconstrained—particularly those gov-
erning the dynamical evolution of SMBHBs on subpar-
sec scales (Begelman et al. 1980). The GWOnly-Ext li-
brary assumes purely GW-driven binary evolution and
uses relatively narrow distributions of model parame-
ters based on literature constraints from galaxy-merger

observations (e.g., Tomczak et al. 2014) in addition to
more detailed numerical studies of SMBHB evolution
(e.g., Sesana 2013).

For each population contained in the GWOnly-Ext li-
brary, we perform a power-law fit of the correspond-
ing GWB spectrum across the first 14 frequency bins
that we use in our analysis. The distribution for ABHB

and �BHB obtained in this way is reported in Fig. 1
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[NANOGrav, 2306.16219 ]

An example: Cosmic Strings

– Line-like topological defects, may be formed in a symmetry breaking  
       phase transition, time , temperature . Stable, once formed cannot disappear. 
 
– only one parameter describing physics of strings: their tension  

                            

 
– loops are created for all times  , oscillate relativistically and emit GWs: 
   • individual loop, close by, emits a particular short, and periodically repeating, GW burst signal. 
   • effect of all loops is to generate a SGWB 
  

ti Ti

Gμ ∼ 10−6 ( Ti

1016 GeV )
2

t > ti

2

FIG. 1: Schematic view of a cosmic string burst, with the
beaming angle ✓m in red and the misalignement angle �.

broader at LISA rather than LIGO frequencies, mean-
ing it is a priori easier to detect). Then in section III the
salient features of the LISA response are summarised. We
determine the cosmic string burst e�ciency, namely the
probability that LISA can detect a burst of a given am-
plitude, i.e. the probability that its SNR is above a given
value SNRcut. In Section IV, we derive the rate of bursts
observable by LISA. We then evaluate the expected rate
for the LRS and BOS models in section V. We also con-
sider the case in which LISA does not detect bursts from
strings during the mission duration Tobs, leading to upper
bounds on µ. Finally, we conclude in section VI.

II. COSMIC STRING BURSTS

We start with a brief description of the GWs emitted
by cosmic string cusps, namely points on the string which
travel instantly at velocities close to the speed of light,
see [18, 19, 36] for detailed calculations.

The emission from these strong GW sources is concen-
trated in a beam, see Fig. 1, with a half-angle

✓m(f) = [g2f(1 + z)`]�1/3 , (2)

where ` is the invariant length of the loop at redshift z
containing the cusp, f is the observed GW frequency, and
g2 is a O(1) coe�cient that we fixed to

p
3/4 as derived

in [19, 37]. Note that the beaming angle is limited to
✓m(f) < 1. The logarithmic Fourier transform of the
cusp waveform is spread over a wide range of frequencies
following a power-law h̃(f) ⇠ Af�4/3. Its amplitude is
given by

A(`, z, µ) = g1

Gµ`2/3

(1 + z)1/3r(z)
, (3)

where r(z) the proper distance to the cusp, and g1 ⇡

0.85. In fact, the signal is cuto↵ at low frequencies by
the fundamental frequency of the loop f0 = 2/`, which
in the detector frame imposes

f > flow ⌘
2

`(1 + z)
. (4)

Since the beaming angle ✓m becomes narrower as the fre-
quency increases, see Eq. (2), any misalignment of the
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FIG. 2: Cusp strain in time domain computed using Eq. (7),
and fixing (see Section III) flow = f1 = 0.1mHz, fhigh = f2 =
50mHz, characteristic of LISA.

observer by a small angle � from the cusp direction re-
sults in a cuto↵ at high frequencies when � > ✓m. Hence
the observed frequency must satisfy

f < fhigh ⌘
1

g2`�3(1 + z)
. (5)

As a consequence, and as the GW signal is linearly
polarized, the waveform of a cusp is only characterized
by

h̃(f) = A|f |
�4/3⇥(f � flow)⇥(fhigh � f), (6)

which can also be expressed in the time domain with a
real Fourier transform

h(t) = 2A

Z fhigh

flow

f�4/3 cos(2⇡ft) df . (7)

This is plotted in Fig. II where, for illustrative purposes,
we have chosen values of flow and fhigh characteristic of
the LISA sensitivity band, see Section III. Finally, we
choose the convention that for a polarization angle  we
have in the solar system barycentre frame,

h+(t) = cos(2 )h(t) and h⇥(t) = sin(2 )h(t). (8)

III. LISA RESPONSE

LISA has a non-trivial response to the GW signal.
Not only is the wavelength of the GWs comparable to
the armlength, but also time-delay interferometry (TDI)
must be used. LISA’s satellites follow geodesic motion
around the sun and, as a result, the distance between
them is not equal and slowly changes in time (breath-
ing and flexing). TDI removes the laser frequency noise
by delaying and recombining individual measurements to

[Damour&Vilenkin, Auclair et al]

– Experiments, current and future, can either put constraints on, or measure . PTAs: Gμ Gμ ≲ 10−10

Stochastic GW background Repeating short burst

[C.Ringeval]

[T.Kibble 1976]



Gravitational waves for cosmology: detectors

Iate-time universe

Individual resolvable  
astrophysical sources
and populations of sources
at cosmological distances
e.g.  binary neutron stars (BNS), 
      binary black holes (BBH),
      neutron star-black-hole binary (NS-BH)
      Rotating asymmetric neutron stars 
      supernova explosions…

– flat ΛCDM ds2 = �dt2 + a2(t)d~x2

– Hubble parameter: H(t) =
ȧ(t)

a(t)

– redshift: 
<latexit sha1_base64="T619KLT/qK/gBAuUD6hqtldORmA=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL0CKERIrGhVBw47KCfUAbwmQ6aYdOHsxMhBqy8VfcuFDErZ/hzr9x0gbR6oHLPZxzLzP3eDGjQprmp1ZaWl5ZXSuvVzY2t7Z39N29jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6k6vc794RLmgU3sppTJwAjULqU4ykklz9wDq5vxz4HOEU1aRr1rO81zNXr5qGOQM0jcaF3bAt+K1YBamCAi1X/xgMI5wEJJSYISH6lhlLJ0VcUsxIVhkkgsQIT9CI9BUNUUCEk84OyOCxUobQj7iqUMKZ+nMjRYEQ08BTkwGSY7Ho5eJ/Xj+Rvu2kNIwTSUI8f8hPGJQRzNOAQ8oJlmyqCMKcqr9CPEYqDakyq6gQrMWT/5LOqWGdGeZNo9q0izjK4BAcgRqwwDlogmvQAm2AQQYewTN40R60J+1Ve5uPlrRiZx/8gvb+BTw+lYQ=</latexit>

1 + z =
a(t0)

a(t)

– Expansion rate 
– Hubble constant 
– 
– beyond , dark energy 
– late-time modified gravity (modified GW propagation)
– astrophysics; eg populations of BBHs
….

H(z)
H0

Ωm
ΛCDM w(z)
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      Rotating asymmetric neutron stars 
      supernova explosions…

– Expansion rate 
– Hubble constant 
– 
– beyond , dark energy 
– modified gravity (modified GW propagation)
– astrophysics; eg populations of BBHs
….

H(z)
H0

Ωm
ΛCDM w(z)

Precisely what sources can be used  
depends on the detector(s):  frequency  
band, noise/ sensitivity,…

"Compact binary coalescences”
CBCs

Gravitational waves for cosmology: detectors



• GW detectors:  designed to be as sensitive as possible to time-
varying changes in the separation between two freely-falling objects 

Detection methods for stochastic gravitational-wave backgrounds Page 61 of 223 2

Fig. 23 A spacetime diagram
representation of ∆T (t) for an
equal-arm Michelson
interferometer. Time increases
vertically upward. The vertical
arrows are spacetime worldlines
for the beam splitter and two end
mirrors. The blue dotted lines
show the trajectory of the laser
light in the two arms of the
interferometer in the absence of
a gravitational wave; the red
solid lines show the trajectory in
the presence of a gravitational
wave. The black dotted arrows,
labeled û and v̂, show the
orientation of the two arms,
from beam splitter to end
mirrors, at t = 0, assuming an
opening angle of 90◦

Table 5 Characteristic properties of different beam detectors: column 2 is the arm length or characteristic
size of the detector (tens of AU for spacecraft Doppler tracking; a few kpc for pulsar timing); column 3 is
the frequency corresponding to the characteristic size of the detector, f∗ ≡ c/L; columns 4 and 5 are the
frequencies at which the detector is sensitive in units of Hz and units of f∗, respectively; and column 6 is
the relationship between f and f∗

Beam detector L (km) f∗ (Hz) f (Hz) f/ f∗ Relation

Ground-based interferometer ∼1 ∼105 10 to 104 10−4 to 10−1 f & f∗
Space-based interferometer ∼106 ∼10−1 10−4 to 10−1 10−3 to 1 f ! f∗
Spacecraft Doppler tracking ∼109 ∼10−4 10−6 to 10−3 10−2 to 10 f ∼ f∗
Pulsar timing ∼1017 ∼10−12 10−9 to 10−7 103 to 105 f ' f∗

based detectors like LIGO will be a simple matter of taking the limit f L/c to zero. For
reference, Table 5 summarizes the characteristic properties (i.e., size, characteristic
frequency, sensitivity band, etc.) of different beam detectors.

5.2 Calculation of response functions and antenna patterns

Gravitational waves are weak. Thus, the detector response is linear in the metric
perturbations hab(t, (x) describing the wave, and can be written as the convolution of
the metric perturbations hab(t, (x) with the impulse response Rab(t, (x) of the detector:

h(t) = (R ∗ h)(t, (x) ≡
∫ ∞

−∞
dτ

∫
d3y Rab(τ, (y)hab(t − τ, (x − (y), (5.5)

123

Interféromètre	de	Michelson	:
un	“capteur” d’ondes	gravitationnelles

5

Diagramme	d’antenne
Moyenne	sur	les	polarisations

Laser  
interferometers.

• in both cases, response depends on the 
orientation of the source wrt to detector
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FIG. 2: Detector frame: The two orthogonal arms of the interferometer form the x and y axes in the detector frame while the z axis is defined
by the right circular convention. Angles ✓ and � denote the polar and azimuth angles of the binary in the sky measured in the detector frame.
These angles fix the location of the source in the sky, with respect to the detector. Radiation frame: The z axis of the radiation frame is defined
by the line-of-sight vector n from the detector to the source so that the x � y plane is the plane perpendicular to n (the “sky”); x axis is defined
by the x axis of the detector projected onto the sky. Angles ◆ and  denote the polar and azimuth angles of the total angular momentum vector J
of the binary in the radiation frame. These angles fix the relative orientation of the binary with respect to the detector. Source frame: The z axis
of the source frame is defined by the total angular momentum vector J of the binary and the x axis is defined by the projection of the line of
sight onto the binary plane. The angle '0 describes the angle between the separation vector and the x axis at some reference time. Note that the
radiation pattern of the binary depends on ◆ and '0 (see, e.g., Eq.(2.1)).

signal h. Note that, for a fixed SNR threshold, FF is directly
related to the “distance reach” of a search, and FF3 to the
“volume reach”.

It is evident [see, e.g., Eqs. (2.2), (2.6) and (2.7)] that the
distance/volume reach is a function of not only the intrinsic
parameters (m1,m2) of the binary, but also some of the ex-
trinsic parameters (✓, �, ◆, ,'0). For example the SNR, and
hence the distance/volume reach is the largest towards “face-
on” (◆ = 0, ⇡) binaries and the lowest for “edge-on” (◆ = ⇡/2)
binaries. It is useful to define the e↵ective volume of a search,
defined as the fraction of the volume reach by an optimal
search, averaged over the angles ✓, �, ◆, ,'0 after choosing
appropriate distributions for these angles:

Ve↵ (m1,m2) =
⇢3

subopt

⇢3
opt

, (2.9)

where the bars indicate averages over ✓, �, ◆, ,'0. We can
also define the e↵ective fitting factor FFe↵ , defined as the cube
root of the e↵ective volume

FFe↵ (m1,m2) = Ve↵ (m1,m2)1/3. (2.10)

If a template family has FFe↵ � 0.965, this means that the
(average) loss of search volume due to the mismatch between
the template family and the actual signal is less than ⇠ 10%.
In this paper, we will use FFe↵ = 0.965 as a benchmark for
deciding the e↵ectualness of a template family.

If we interpret the parameter set �max that maximizes the
inner product in Eq. (2.8) as the parameters of the binary,
which can be in general di↵erent from the true parameters
�true, this will result in the following systematic bias in the
estimated parameters:

�� = |�max � �true|, (2.11)

where | | denotes the absolute value.
Similar to the FF and SNR, the systematic biases also de-

pend on the parameters �. We would like to use a single
number (similar to FFe↵) that quantifies the average bias in
estimating the parameters of the binaries that are detectable.

For this purpose we use the ⇢3
subopt weighted average of the

systematic biases and call it the e↵ective bias.

��e↵(m1,m2) =
�� . ⇢3

subopt

⇢3
subopt

, (2.12)

where the bars indicate averages over ✓, �, ◆, ,'0. We use
⇢3

subopt as the weighting factor as it is proportional to the vol-
ume accessible to the search using quadrupole templates and
is therefore proportional to the number of detectable sources.

GW measurements, like any other measurement in the pres-
ence of noise, will also have an associated statistical error.
In the limit of high SNR, one reasonable way of estimating
the expected statistical error (see, e.g., [38] for caveats) is by
using the Cramer-Rao inequality: the error covariance matrix
C↵� is given by

C↵� � ��1
↵� , (2.13)

where �↵� is the Fisher information matrix:

�↵� =
D
@↵x, @�x

E
. (2.14)

Above, @↵x denotes the partial derivative of the waveform
x( f ) with respect to the parameter �↵, and the angle brackets
denote the inner products defined in Eq. (2.5). The rms error in
measuring the parameter �↵ is �↵ = C1/2

↵↵ . A template family
can be considered faithful [1] to the signal if the systematic
bias is considerably smaller than the expected statistical error.
In this paper, we will take (��e↵)↵  �↵ as the benchmark for
the faithfulness of a template family.

III. METHODOLOGY

A. Numerical-relativity simulations

We use two sets of NR waveforms: For mass ratio q  8 we
use waveforms computed by the SpEC code [21–33], kindly

Inspiral of compact binaries at cosmological distance
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Fig. 22 A spacetime diagram
representation of ∆T (t) for a
(one-way) pulsar timing residual
measurement. Time increases
vertically upward. The vertical
arrows are spacetime worldlines
for a pulsar and a detector on
Earth. The measurement is made
at time t . The blue dotted line
shows the trajectory of the radio
pulse in the absence of a
gravitational wave; the red solid
line shows the trajectory in the
presence of a gravitational wave

the phase difference can be calculated in terms of the change in the round-trip travel
time of the laser light from one test mass (e.g., the beam splitter) to another (e.g., one
of the end test masses). If we consider an equal-arm Michelson interferometer with
unit vectors û and v̂ pointing from the beam splitter to the end masses in each of the
arms, then

hphase(t) ≡ ∆!(t) = 2πν0∆T (t), (5.3)

where ∆T (t) ≡ Tû,rt(t) − Tv̂,rt(t) is the difference of the round-trip travel times, and
ν0 is the frequency of the laser light. (See Fig. 23). Alternatively, one often writes the
interferometer response as a strain measurement in the two arms

hstrain(t) ≡ ∆L(t)
L

= ∆T (t)
2L/c

, (5.4)

where ∆L(t) ≡ Lû(t)− L v̂(t) is the difference of the proper lengths of the two arms
(having unperturbed length L), and ∆T (t) is the difference in round-trip travel times
as before. Thus, interferometer phase and strain response are simply related to one
another.

Calculation of ∆T (t) for beam detectors is most simply carried out in the transverse-
traceless gauge9 (Misner et al. 1973; Schutz 1985; Hartle 2003) since the unperturbed
separation L of the two test masses can be larger than or comparable to the wavelength
λ ≡ c/ f of an incident gravitational wave having frequency f . This is definitely the
case for pulsar timing where L is of order a few kpc, and for spacecraft Doppler
tracking where L is of order tens of AU. It is also the case for space-based detectors
like LISA (L = 5 × 106 km) for gravitational waves with frequencies around a tenth
of a Hz. On the other hand, for Earth-based detectors like LIGO (L = 4 km), L $ λ

is a good approximation below a few kHz. Thus, the approach that we will take in the
following subsections is to calculate the detector response in general, not making any
approximation a priori regarding the relative sizes of λ = c/ f and L . To recover the
standard expressions (i.e., in the long-wavelength or small-antenna limit) for Earth-

9 See Creighton et al. (2009) and Koop and Finn (2014) for an alternative derivation of the response
of a detector to gravitational waves, which is done in terms of the curvature tensor and not the metric
perturbations.
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Fig. 21 A spacetime diagram
representation of ∆T (t) for a
two-way spacecraft Doppler
tracking measurement. Time
increases vertically upward. The
vertical arrows are spacetime
worldlines for the Earth and a
spacecraft. The measurement is
made at time t . The blue dotted
line shows the trajectory of a
pulse of electromagnetic
radiation in the absence of a
gravitational wave; the red solid
line shows the trajectory in the
presence of a gravitational wave

first. From the arrival times of the returning pulses, one can calculate the fractional
change in the frequency of the emitted pulses induced by a gravitational wave. The
detector response for such a measurement is thus

hdoppler(t) ≡ ∆ν(t)
ν0

= d∆T (t)
dt

, (5.1)

where ∆T (t) is the deviation of the round-trip travel time of a pulse away from the
value it would have had at time t in the absence of the gravitational wave. A schematic
representation of ∆T (t) for spacecraft Doppler tracking is given in Fig. 21.

5.1.2 Pulsar timing

Pulsar timing is even simpler in the sense that we only have one-way transmission of
electromagnetic radiation (i.e., radio pulses are emitted by a pulsar and received by a
radio antenna on Earth). The response for such a system is simply the timing residual

htiming(t) = ∆T (t), (5.2)

which is the difference between the measured time of arrival of a radio pulse and the
expected time of arrival of the pulse (as determined from a detailed timing model for
the pulsar) due to the presence of a gravitational wave. A schematic representation of
∆T (t) for a pulsar timing measurement is given in Fig. 22.

5.1.3 Laser interferometers

For laser interferometers like LIGO or LISA, the detector response is the phase differ-
ence in the laser light sent down and back the two arms of the interferometer. Again,
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Ultra-stable millisecond pulsars used as  beacons “clocks sending signals”.  
In reality though messy astrophysical objects. … Measure TOA of pulse, and
compare to expected TOA determined from detailed timing model for the pulsar

PTA:

[Credit: D. Champion]



[LISA collaboration, LISA Definition Study Report, 2402.07571]  

GHz

[Living Rev.Rel. 24 (2021)  
                       1, 2011.12414] 

Cosmological sources 

LISA: Laser Interferometer Space Antenna

10
�4

Hz < f < 1 Hz

frequency range of detection:

• no seismic noise  
• much longer arms than on Earth

• Launch in ~2034 
• two masses in free fall per spacecraft  
• 2.5 million km arms 
• picometer displacement of masses

Space-based interferometers

DECI-Hertz Observatories Arm-length ~ 108 m 

LISA collaboration arXiv:1702.00786

See e.g. arXiv:1908.11375

Late  
2030s

astrophysical
For a discussion of  
kHz-GHz detectors, see:



• To detect higher GW frequencies  smaller experiments.→

The Long and the Short of it

f⇤ =
c

L

LIGO LISA PTA
8

PTALISALVK [Romano+Cornish]

[Living Rev.Rel. 24 (2021) 1, 2011.12414] 



• LVK is an interferometer network 
 
   1/ Localisation  
       Interferometers have bad angular resolution: not pointing instruments 
  
      For late-time GW cosmology accurate localisation useful as e.g. 
            – some of the GW sources may also emit EM radiation:  to detect that with EM telescopes 
               (which by their very nature are directional) need the localisation. 
            – useful to associate GW events with data from galaxy catalogues. 
 
         ==> Network: localization determined through triangulation, using the observed time delays of the 
                signal at several detectors.

 2/ instrumental noise uncorrelated between detectors:  
      any correlated noise between detectors could be  attributed to a SGWB.  
                  



• Plans to build new interferometers on earth beyond LVK (late 2030s?)  
 
            – Einstein Telescope in Europe & Cosmic Explorer  
               in the USA, with  km  

 

L ∼ 10 − 40

 2/ instrumental noise uncorrelated between detectors:  
      any correlated noise between detectors could be  attributed to a SGWB.  
                  

• LVK is an interferometer network 
 
   1/ Localisation  
       Interferometers have bad angular resolution: not pointing instruments 
  
      For late-time GW cosmology accurate localisation useful as e.g. 
            – some of the GW sources may also emit EM radiation:  to detect that with EM telescopes 
               (which by their very nature are directional) need the localisation. 
            – useful to associate GW events with data from galaxy catalogues. 
 
         ==> Network: localization determined through triangulation, using the observed time delays of the 
                signal at several detectors.



Gravitational waves for cosmology: sources & observations

Individual resolvable  
cosmological sources
e.g.  cosmic string GW bursts

Primordial cosmology

Iate-time universe

Individual resolvable  
astrophysical sources
and populations of sources
at cosmological distances
e.g.  binary neutron stars (BNS), 
      binary black holes (BBH),
      neutron star-black-hole binary (NS-BH)
      Rotating asymmetric neutron stars 
      supernova explosions…

– Expansion rate 
– Hubble constant 
– 
– beyond , dark energy 
– modified gravity (modified GW propagation)
– astrophysics; eg populations of BBHs
….
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• O1 ◦ 3 BBHs 

• O2 ◦ 7 BBHs
◦ 1 BNS with EM counterpart GW170817

                     
• O3  ◦ 4 events compatible with NSBH masses

◦ 2 events compatible with BNS masses
◦ ~80 BBHs. 

    
 • O4a ; O4b and since end January O4c

Current LVK observations: only compact binary coalescences,  
no cosmic strings, supernovae…!
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For all of these have the SNR and  
posterior distributions for  
masses, 
distances,  
sky localisation, 
spins…  
(at least 17 parameters describe the  
 waveform)

Public alerts: https://gracedb.ligo.org/ 
 https://emfollow.docs.ligo.org/ 

https://gwosc.org/

https://gracedb.ligo.org/
https://emfollow.docs.ligo.org/


Gravitational waves for cosmology
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      Rotating asymmetric neutron stars 
      supernova explosions…

Peak  ∼ 35M⊙

2111.03604

90 CBC detections : astrophysical population studies

22

• The compact binary coalescence detections are published in GW Transient Catalogues (GWTC) 

• There is a new GWTC every time a sub-part of a run finishes.  

• GWTC-3 contains events until the end of O3 (March 2020) 

• Updates on astrophysical rates: BNS 10-1700 Gpc−3 yr−1, NSBH ~ 7.8-140 Gpc−3 yr−1,  BBH~17.9-44 Gpc−3 yr−1,(z=0.2)

GW170817
GW190425

LVK Physical Review X, 2023, 13, 011048

GW190814

Modified from https://ligo.northwestern.edu/media/mass-plot/index.html

GW190521

 LVK O3 run,  zmax ≲ 0.9

– Expansion rate 
– Hubble constant 
– 
– beyond , dark energy 
– modified gravity (modified GW propagation)
– astrophysics; eg populations of BBHs
….

H(z)
H0

Ωm
ΛCDM w(z)

https://arxiv.org/abs/2111.03604


Gravitational waves for cosmology

Iate-time universe

Individual resolvable  
astrophysical sources
and populations of sources
at cosmological distances
e.g.  binary neutron stars (BNS), 
      binary black holes (BBH),
      neutron star-black-hole binary (NS-BH)
      Rotating asymmetric neutron stars 
      supernova explosions…

– Expansion rate 
– Hubble constant 
– 
– beyond , dark energy  and dark matter
– modified gravity (modified GW propagation)
– astrophysics; eg populations of BBHs
….

H(z)
H0

Ωm
ΛCDM w(z)

0th order - GW170817 and GRB170817A

• Theoretical framework: No 
cosmology, constant and frequency 
independent speed.  

• How: It makes use of the GW-EM time 
delay to estimate the fractional 
difference between the speed of light 
and GW. Considered uncertainty of 10 s 
in the prompt time.  

• Highlight on the results: Tightest 
constrain on the GW speed.
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properties of GW signals

• Transients = short duration signals relative to the observation time-scale (~years)
• Persistent = long duration signals relative to the observation time-scale (~years)

• Coherent/deterministic = well defined phase evolution
• Incoherent/Stochastic = non-predictable/random phase evolution

Transients Persistent

Coherent

Incoherent

Eg Signal from compact  
binary mergers (CBC)

Eg Burst from cosmic strings

Eg Spinning NS with a bump on it
    Early inspiral of a CBC
    Super radiance from BH

Eg core collapse of a supernova
Persistent incoherent signals —> 
stochastic GW background

[Figure inspired by 
A.Jenkins, PhD]
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its fro

m LVK

[Figure inspired by 
A.Jenkins, PhD]



Gravitational waves for cosmology

Individual resolvable  
cosmological sources
e.g.  cosmic string GW bursts

Primordial cosmology

Iate-time universe

Individual resolvable  
astrophysical sources
and populations of sources
at cosmological distances
e.g.  binary neutron stars (BNS), 
      binary black holes (BBH),
      neutron star-black-hole binary (NS-BH)
      Rotating asymmetric neutron stars 
      supernova explosions…

– Expansion rate 
– Hubble constant 
– 
– beyond , dark energy  and dark matter
– modified gravity (modified GW propagation)
– astrophysics; eg populations of BBHs
….

H(z)
H0

Ωm
ΛCDM w(z)

Stochastic GW background 
astrophysical and/or cosmological  
origin

Very early universe until today

t & tPl

More speculative.  Early universe sources beyond standard 
model of particle physics!
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⌦gw(t0, f) =
f

⇢c

d⇢gw
df

(t0, f)

– population of BH, white dwarfs..
– inflationary GWs
– 1st order Phase transitions
– topological defects
– scalar induced GWs
– primordial black holes
– ultra light dark matter 
– axions…



From individual signals to the stochastic GW background (SGWB)

 • Consider cosmic population of sources (astrophysical/cosmological) distributed in the universe 

 • For each source, amplitude GW signal  :  
           beyond some distance the signals will be too faint to distinguish from the noise in a detector 
                            detection horizon (dependent on the source and detector);  
          – and even in the detection horizon, if the number of sources increases sufficiently, signals may overlap 
               (in time and frequency domains) so can’t be detected individually

∝ dL
−1

⇒
⇒

 • The combined GW signal of these is the SGWB — which can be of astrophysical or cosmological origin.

 • SGWB associated with distant sources, and its detection and characterisation 
   can probe the high redshift primordial universe
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From individual signals to the stochastic GW background (SGWB)

 • Consider cosmic population of sources (astrophysical/cosmological) distributed in the universe 

 • The combined GW signal of these is the SGWB — which can be of astrophysical or cosmological origin.

 • SGWB associated with distant sources, and its detection and characterisation 
   can probe the high redshift primordial universe

 • To access the cosmological background, (C.Caprini) 
   crucial to understand the astrophysical background 
   (T.Regimbau) which will inevitably be present.  
  

 • Note: the cosmological SGWB is expected to be nearly  
  isotropic; unpolarised; gaussian. 
   the astrophysical one may be anisotropic 
      (galaxy distribution anisotropic up to ~100Mpc)

 • For each source, amplitude GW signal  :  
           beyond some distance the signals will be too faint to distinguish from the noise in a detector 
                            detection horizon (dependent on the source and detector);  
          – and even in the detection horizon, if the number of sources increases sufficiently, signals may overlap 
               (in time and frequency domains) so can’t be detected individually

∝ dL
−1

⇒
⇒



• particles which decouple from primordial plasma at    or   give snapshot universe at that time.  
 

t ∼ tdec T ∼ Tdec

• In thermal equilibrium when
 For light/massless particles 
 at temperature T

number density 
of particles x-section

interaction

typical velocity

n ⇠ T 3

v ⇠ 1
H

2 ⇠ T
4
M

�2
Pl

� ⇠ H

rate of process
maintaining thermal
equilibrium

they are coupled and interactions obliterate all information.
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t < tdec
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T > Tdec

and drop out when

 Gravitons 

✓
�

H

◆

graviton

⇠
✓

T

MPl

◆3
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� ⇠ n�|v| > H

Eg Neutrinos: � ⇠ G2
FT

2
✓
�

H

◆

neutrino

⇠
✓

T

1MeV

◆3
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� ⇠ G2
NT 2 ⇠ T 2

M4
Pl

=> retain spectrum/shape/typical frequency & intensity of physics at corresponding high energy scales
=> but making predictions uncertain for such sources,  
=> and need to deal with an astrophysical component

Photons decoupled from Gravitons decoupled from T ∼ 3000K, tPl



[Credit: D. Champion]

Assuming General relativity, and an unpolarised, stationary, isotropic and Gaussian SGWB 
(compatible with the cosmological principle), then the average correlation between pulse 
arrival times from 2 different pulsars separated by some angle should satisfy the 
Hellings&Downs curve [1983]

A&A proofs: manuscript no. eptadr2_gwb_25psr

Fig. 5: Binned overlap reduction function. Blue is for DR2full while orange is for DR2new. The left panel shows violins of the
posterior of the correlation coe�cients averaged at ten bins of angular separations with 30 pulsar pairs each. The black line is the
HD curve based on theoretical expectation of a GWB signal. The grey histogram is the arbitrarily normalised distribution of the
number of pulsar pairs at di↵erent angular separations. The right panel is the corresponding 2D posterior for the amplitude and
spectral index of the common correlated signal, showing 1/2/3 � contours.

Fig. 6: Constraints on the overlap reduction function from the
optimal statistic. Blue and orange points indicate the results for
DR2full and DR2new respectively. The correlation coe�cients
for each pair of pulsars are weighted and averaged following the
description in Allen & Romano (2022) and grouped in the same
way as those in Figure 5 for comparison. The HD correlation is
plotted as a black line for reference.

4.3. Significance tests

To quantitatively estimate the significance of the hypothesis that
a GWB signal with HD correlation is present in the data, the null
hypothesis distribution need to be constructed. Many repetitions
of an experiment need to be performed in order to define a strict
p-value. This is, unfortunately, not possible for PTAs. Thus, we
can only attempt to find a good proxy to estimate the true statis-
tical p-value for the null hypothesis. In the following, we refer
to the estimated value from our proxy methods as p-values for
simplicity. The respective distributions can be constructed in two
di↵erent ways, by introducing random phase shifts in the Fourier
basis of the common red noise process (Taylor et al. 2017) or
by moving the positions of the pulsars in the sky via a random
scramble (Cornish & Sampson 2016). The aim of both methods

is to e↵ectively destroy the distinctive cross-pulsar correlations,
unique to the GWB signal, while retaining the individual pulsar
noise characteristics. One should emphasise that both methods
should be robust against any mismodelled features in the data
set, therefore they, in general, provide more conservative esti-
mates of the significance in comparison to the possibly oversim-
plified noise simulation bootstrapping.

The distributions of BFs under the null hypothesis (PSRN +
CURN) were constructed for DR2full and DR2new using about
200 and 2000 phase shifts, respectively and are displayed in the
upper panel of Figure 7. The DR2full measured BF from Ta-
ble 5 lies within the 2� range of the null hypothesis distribu-
tion with a p-value of 0.04. The p-value for the BF derived with
the DR2new data set reaches a statistically interesting value of
0.0005, which corresponds to the 3� level of significance (’ev-
idence’). The analysis was performed using both ENTERPRISE
and FORTYTWO and shows consistent results between the two
software packages. This significance test was repeated for the
OS S/N values for the HD correlation and results are shown in
the bottom panel of Figure 7. For DR2full a p-value of 0.07
is found. None of the 10000 realisations produced a S/N that is
comparable to what has been found in DR2new. Therefore, only
an upper limit can be set for the p-value < 0.0001, which corre-
sponds to a significance of > 3.5�.

Figure 8 shows the null distribution obtained with sky scram-
bles in the OS analysis in the top panel. A matching threshold of
0.2 for any two sky scrambles was imposed to produce about
5000 samples. A large di↵erence particularly in the high S/N
tail of the density functions can be found between DR2full and
DR2new. The p-value for DR2full of 0.08 is comparable to that
obtained with the phase shifts. This could indicate that in the low
S/N regime, both methods produce reliable null distributions. In
the high S/N regime, however, with DR2new the sky scramble
p-value of 0.004 is not consistent with the phase shift method.

The bottom panel of Figure 8 compares p-values from sim-
ulations, theoretical computation and the two methods. A null
distribution was generated using a set of realistic simulations re-
sembling the statistical properties of the real DR2new data set
and with the injected CURN only. The noise parameters as well
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Pulsar Timing Array
(EPTA); 25 pulsars

[EPTA III: search  
for GWs
2306.16214]

4 The NANOGrav Collaboration
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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of Hellings–Downs correlations in the 15-year NANOGrav data set. Throughout we refer to the
68.3%, 95.4%, and 99.7% regions of distributions as 1/2/3� regions, even in two dimensions. (a): Bayesian “free-spectrum”
analysis, showing posteriors (gray violins) of independent variance parameters for a Hellings–Downs-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/2� posterior bandsa

for a power-law model; the dashed black line corresponds to a � = 13/3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See §3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/2/3� credible regions. The value �GWB = 13/3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to fref = 1yr�1 (blue) and 0.1 yr�1 (orange). The dashed blue and orange curves
in the log

10
AGWB subpanel shows its marginal posterior density for a � = 13/3 model, with fref = 1yr�1 and fref = 0.1 yr�1,

respectively. See §3 for more details. (c): Angular-separation–binned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and � = 13/3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoid zeros of the Hellings–Downs curve. This binned
reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed black
line shows the Hellings–Downs correlation pattern, and the binned points are normalized by the amplitude of the � = 13/3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See §4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
fixed, and are chosen on the basis of features of the Hellings–Downs curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the Hellings–Downs curve, and the position
of minimum correlation. See §3 for more details.

NANOGrav collaboration, 
15 year data set; 68 pulsars

[NANOGrav,  
2306.16213 ]

• Compelling evidence for a GW background in nHz frequency band

 (NANOGrav)3.5 − 4σ ∼ 3 − 3.5σ (EPTA+IPTA) ∼ 2σ (PPTA) (CPTA)
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Detectors working in different frequency bands:  
probe different GW sources with different characteristics. 

Work individually; as well as together



[Caprini et al,   
2406.02359]

Examples of cosmological SGWB signals:  Next generation detectors (SKA, LISA and ET/CE)

 
 • Models A and B are meant to describe exactly the same physics! 
 • If Model B is the unique source of the SGWB signal in PTA  
   then LVK constraints actually already exclude it! 
 • Model A would lead to an extremely loud signal in ET, with 
 • Different spectral shapes, depending — amongst other things — on the properties of the source.  
     Is the source producing GWs at  “short/long” duration relative to the Hubble time ?

SNR ∼ 103

t* H−1(t*)
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LISA | Noise only

LISA

SKA | WN only

SKA

Model A | Gµ = 7.9 £ 10°11

Model B | Gµ = 2.5 £ 10°11

Strong FOPT | T§ = 6 £ 107 GeV

FOPT | T§ = 8 £ 106 GeV

Model A | Gµ = 7.9 £ 10°11

Model B | Gµ = 2.5 £ 10°11

Strong FOPT | T§ = 6 £ 107 GeV

FOPT | T§ = 8 £ 106 GeV

Same cosmic strings: model A

Cosmic strings: model B

Model A: [Blanco-Pillado, Olum, Shlaer, 2014]

Model B: [Lorentz, Ringeval,  Sakellariadou,  2010] 
              [Polchinski, Rocha et al]



Characteristic frequency today?

• Characteristic frequency today depends on:
             – production mechanism (model-dependent)
             – kinematical (depending on the redshift from the production era)

• GWs produced with frequency   at  have characteristic frequency today of 
 

f* t = t*

f =
a*

a0
f* = 1.65 × 103 Hz ( T*

1010 GeV ) ( g*

100 )
1
6

[ f*
H* ]

(assuming standard thermal history  
and radiation era)

temperature (energy density) of the 
universe at the source time

• But expect by causality that   so , with value depending on production mech.f* ∼ ℓ−1
* ≥ H(t*) [ f*

H* ] ≥ 1

                                Consider a source of GWs operating at a time , for order one Hubble time.t = t*

f =
a*

a0
f* ∼ 1.65 × 103 Hz ( T*

1010 GeV )



• GWs produced with frequency   at  have  
 characteristic frequency today of 
 

f* t = t*

f =
a*

a0
f* ∼ 1.65 × 103 Hz ( T*

1010 GeV )

 
==> ground based interferometers (LVK, ET, CS..) correspond to scales   

==> GWs in the GHz band would correspond to GUT scales cosmological sources.   
       (No known astrophysical sources are known)

  
   ==> LISA frequencies included energy scale of EW symmetry breaking  
 
   ==> nHz frequencies of PTAs coincide with chiral symmetry breaking and quark-gluon confinement 
          (QCDPT), 

106 GeV ≲ T* ≲ 1010 GeV

T* ∼ 100 GeV

T* ∼ 150 MeV
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Strong FOPT | T§ = 6 £ 107 GeV

FOPT | T§ = 8 £ 106 GeV



10°8 10°6 10°4 10°2 100 102 104

Frequency [Hz]

10°18

10°16

10°14

10°12

10°10

10°8

10°6

10°4

10°2

h
2
≠

G
W

CE

ET

LISA | Noise only

LISA

SKA | WN only

SKA
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DW | Tann = 108 GeV
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Crucially important to  
understand the astrophysical  
foregrounds.

• Some astrophysical foreground 
 are so loud that they must  
be considered as a noise in  
the detector.

• Others are weak relative  
to noise, and must be searched 
for just as the cosmological  
SGWB

LISA.
– galactic white dwarf binaries: loud
– extra galactic WDB and SMBHB: weak
Contribute a signal, SNR ≃ 314

ET (CE).
– weak signals from unresolved compact
Binary mergers, SNR ≃ 50 (72)

SKA. (Assuming 50 ms pulsars, 
– assumed a SMBHB background with amplitude 
and spectrum obtained from simulations

Tobs = 15yrs

[Caprini et al,   
2406.02359]



• Lecture 1:  – Overview on early- and late-time cosmology with GWs;  current and future experiments,  
                   – orders of magnitude    

• Lecture 2: – Late-time cosmology: GWs and  
                  – GWs in theories beyond GR,  
                  – standard sirens I: Measuring  with GWs and O3 results of LVK 
                  – Back to early-time universe: an example of what physics we can probe.

dL(z)
dGW

L (z)
H0

• Lecture 3 (Chiara Caprini):  
                  – cosmological stochastic GW background: early-universe cosmology with GWs 
                       Solutions of the GW propagation equation in FLRW; its calculation for different 
                         sources (inflation, topological defects, first order phase transitions) 
                       

• Lecture 4 (Nicola Tamanini):  
                  – Standard sirens II: more details, statistical methods, future prospects

• Lecture 5 (Tania Regimbau):  
                   – astrophysical stochastic GW background: Definition/statistical properties,  
                      pulsar timing arrays and background from supermassive BH binaries, LVK results,  
                      prospects for the future.



Late time cosmology with binaries:  
characteristic scales and orders of magnitude.



⃗R = R ⃗N

LVK:   10 Hz ≲ fGW ≲ 5 kHz

 ET:  1 Hz ≲ fGW ≲ 104 kHz

LISA:  10−4 Hz ≲ fGW ≲ 1 Hz

⃗J
m1

m2

ι

R = d = d(z, H0, …)



m1 m2

gμν = ημν + hμν + …

v/c ≪ 1



Gμν =
8πG
c4

Tμν

• perturbative treatment of Einstein’s equations

∼ 10−43 kg−1m−1s−1  space-time is elastic but very rigid (need massive energetic objects to  
                                                               produce detectible GWs) 

– background metric  & perturb ḡμν gμν = ḡμν + hμν + h(2)
μν + … Assumption: in some coordinate system 

 |hμν | ≪ 1

– And then attempt to solve Einstein’s equations order by order.

G(1)
μν (h) =

8πG
c4

T (1)
μν .To first order

To 2nd order.   G(1)
μν (h(2)) =

8πG
c4 (T (2)

μν + tG
μν), tG

μν := −
c4

8πG
G(2)

μν (h) .

first order solution feeds back as  
a source for the second order  
solution (standard from 
perturbatively solving non-linear 
equations)

very basics on GW
[see Maggiore, Poisson and Will, Speziale and Steer…]

NEXT 6 SLIDES NOT DONE IN LECTURES



Minkowski background (solar system or sub-Hubble scales)         
 
• Weak field, Post-Minkowskian expansion:  
 
• If further impose the non-relativistic approximation   Post-Newtonian expansion 

ḡμν = η̄μν

h(n) ∼ Gn

v/c ≪ 1

□ hij = −
16πG

c4
T (1)

ij – The 2 propagating d of f are obtained by (1) solving 

(2) and imposing the transverse and traceless conditions: hi
i = 0 ∂ihij = 0

Λab
cd( ̂k) = = δa

(cδ
b
d) −

1
2

δabδcd − δa
(c

̂kb ̂kd) − ̂ka ̂k(cδb
d) +

1
2

(δab ̂kc
̂kd + ̂ka ̂kbδcd + ̂ka ̂kb ̂kc

̂kd) .

 – Stress energy conservation reduces to  :  
    matter does not interact with the gravitational field.  
    Sources follow geodesics in flat spacetime 

∂μT (1)
μν = 0

 hTT
ij (t, ⃗x) = Λij,kl( ̂k)hkl(t, ⃗x)



□ hij = 0Vacuum solutions: hi
i = 0 ∂ihij = 0

• Wave propagating in  direction̂z

hij(t, z) = e2πif(t−z)
h+ h× 0
h× −h+ 0
0 0 0

= ∑
P=+,×

e2πif(t−z)ϵP
ij hP,

polarisation tensors  e+
ij = ̂xi ̂xj − ̂yi ̂yj, e×

ij = 2 ̂x(i ̂yj),

• Resulting perturbed metric: 
 
ds2 = − dt2 + (1 + h+ cos k ⋅ x)dx2 + (1 − h+ cos k ⋅ x)dy2 + 2h× cos k ⋅ x dxdy + dz2 .

t

h(t)

0 T
4

T
2

3T
4 T

h+

h⇥

êy

êx
êz

1

• Taking a ring of particles in the  plane
and  (ignore space dependence of ) 

(x, y)
λGW ≫ L0 hij



□ hij = (∂2
t − ∇2)hij = 0Vacuum solutions: hi

i = 0 ∂ihij = 0

• Wave propagating in  direction̂z

hij(t, z) = e2πif(t−z)
h+ h× 0
h× −h+ 0
0 0 0

= ∑
P=+,×

e2πif(t−z)ϵP
ij hP,

polarisation tensors  e+
ij = ̂xi ̂xj − ̂yi ̂yj, e×

ij = 2 ̂x(i ̂yj),

• Resulting perturbed metric: 
 
ds2 = − dt2 + (1 + h+ cos k ⋅ x)dx2 + (1 − h+ cos k ⋅ x)dy2 + 2h× cos k ⋅ x dxdy + dz2 .

t

h(t)

0 T
4

T
2

3T
4 T

h+

h⇥

êy

êx
êz

1

Taking a ring of particles in the  plane
and  (ignore space dependence of ) 

(x, y)
λGW ≫ L0 hij

··hij + 3H ·hij −
∇2

a2
hij = 0

on sub Hubble scales  λ ≪ H−1 hij ∼ a−1

 f =
fe

1 + z
, dt = (1 + z)dte



• For a source localised in space, of characteristic size  and at distance d | ⃗x | = R ≫ d

hij(t, ⃗x) =
4G
c4 ∫source

d3y
Tij(t − 1

c | ⃗x − ⃗y | , ⃗y)

| ⃗x − ⃗y |
. In general no analytic solution.  

hij(t, ⃗x) ∼
4G
c4R ∫source

d3y Tij(t −
R
c

−
⃗y ⋅ ⃗N
c

, ⃗y)

Approx 1: consider distances  large compared to the size of the source:R = | ⃗x | ≫ d

Approx 2:  typical velocities .   On using  leads tov/c ≪ 1 ∂μTμν = 0

⃗x = R ⃗N

hij(t, ⃗x) ∼
2G
c4R

··Qij(t − R /c) Qij =
1
c2 ∫ d3yT00(t, ⃗y)(yiyj −

1
3

y2δij)

from which one can extract h+,×

• GWs carry energy momentum and angular momentum from the source

dEGW

dt
=

c3

32πG ∮S2

·hTT
ab

·hab
TTdS

= −
G

8c5
···Qab

···Qab
v ≪ c

Ja
GW

dt
=

2G
5c5

ϵabc ··Qbd
···Qc

d |tR
.

v ≪ c



 
 
— assume source in the  plane satisfies Newtonian equations ( )    
    ie. Keplers orbits, eccentricity ,  
                              semi-latus rectum   
                              total energy   
                              angular momentum 
 
    Circular orbits: , bound elliptical orbits: 
      unbound hyperbolic orbits: 
 
 
–– Straightforward to calculate  as well as GW energy and  
   angular momentum radiation 
 
–– use conservation of energy and angular momentum  
 

                           ,       

                            
   To determine  and 

(x, y) v/c ≪ 1
e

p
E ∝ e2 − 1

L

e = 0 e < 1
e > 1

Qij

dE
dt

= −
dEGW

dt
dL
dt

= −
dJz

GW

dt

e(t), p(t) h+,×(t, ⃗N )

Example:  Binary systems 

Qij =
1
c2 ∫ d3yT 00(t, ⃗y)(yiyj −

1
3

y2δij)

Ja
GW

dt
=

2G
5c5

ϵabc ··Qbd
···Qc

d |tR
.

v ≪ c

hij(t, ⃗x) ∼
2G
c4R

··Qij(t − R /c)



For circular orbits,  
the solutions are analytical 
 

  

From [Speziale and Steer]



⃗R = R ⃗N

LVK:   10 Hz ≲ fGW ≲ 5 kHz

 ET:  1 Hz ≲ fGW ≲ 104 kHz

LISA:  10−4 Hz ≲ fGW ≲ 1 Hz

⃗J
m1

m2

ι

On characteristic scales for binary systems, and detector reach

R = d = d(z, H0, …)



– Inspiral phase:    fGW =
1
π ( Gℳ

c3 )
−5/8

( 5
256τ )

3/8

– Assuming merger at ISCO   with   

=> Merger frequency:

a =
6Gm

c2
m = m1 + m2

• BNS, 
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fmerger ⇠ 60Hz

WHY GW COSMOLOGY?

8D. Laghi UT3, 28/06/23

GWs are “self-calibrated”:

Schutz, Nature (1986)

Krolak, Schutz, GRG (1987)

GravitaNon is scale-free:

No need for distance scale ladder 
to obtain dL

No redshiY measurement from GWs

  

Completely different window 

on the “Hubble tension”

⇒
GWs as “standard sirens” like “standard candles”

dL(Ω, z) = c(1 + z)
H0 ∫

z

0

dz′ 

Ωm(1 + z′ )3 + ΩΛ (1 + z′ )3(1+w0+wa)e−3 waz′ 
1 + z′ 

Flat FLRW metric:

with chirp mass ℳ ≡
(m1m2)3/5

(m1 + m2)1/5

Binaries on Circular orbits: orders of magnitude

8 GRAVITATIONAL WAVES

1.1.4.1. The chirp signal

During the inspiral phase the GW frequency increases with time according to the
well-known chirp signal. Using the dominant quadrupolar mode for point masses m1

and m2 (with spins set to zero), and assuming circular orbits, it is given by

fGW =
1

⇡

✓
GM
c3

◆�5/8 ✓ 5

256⌧

◆3/8

[1.5]

see Eq. [3.119], section 3.4.4. Here the chirp mass is

M ⌘ (m1m2)3/5

(m1 +m2)1/5
[1.6]

and

⌧ = t� tc [1.7]

is the time to coalescence, with tc the coalescence time. Clearly Eq. [1.5] will break
down before ⌧ = 0 (where formally fGW diverges). We refer to this time tmerger < tc
as the merger time.

1.1.4.2. Merger frequency

Assuming that the two objects are Schwarzschild BHs, and that merger occurs
at the innermost stable circular orbit (ISCO) namely a distance a = 6GM/c2 with
m = m1+m2, then it follows from Keplers laws (see Sec. 3.4) together with Eq. [1.5]
that

fmerger =
1

63/2

✓
c3

Gm

◆
. [1.8]

(Note given a length scale a and a mass m,
p
Gm/a3 has dimensions of frequency.

Setting a = 6GM/c2 gives, modulo factors of 2⇡, Eq. [1.8].)

• For a binary neutron stars (BNS) system, with say m1,2 ⇠ 1.4M� then Eq. [1.8]
gives

fmerger ' 1.5kHz (BNS) [1.9]

This is upper part of the LVK frequency band, see figure 1.3.

time to coalescence τ = t − tc



– Inspiral phase:    fGW =
1
π ( Gℳ

c3 )
−5/8

( 5
256τ )

3/8

– Assuming merger at ISCO   with   

=> Merger frequency:

a =
6Gm

c2
m = m1 + m2

• BNS, 
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8D. Laghi UT3, 28/06/23

GWs are “self-calibrated”:

Schutz, Nature (1986)

Krolak, Schutz, GRG (1987)

GravitaNon is scale-free:

No need for distance scale ladder 
to obtain dL

No redshiY measurement from GWs

  

Completely different window 

on the “Hubble tension”

⇒
GWs as “standard sirens” like “standard candles”

dL(Ω, z) = c(1 + z)
H0 ∫

z

0

dz′ 

Ωm(1 + z′ )3 + ΩΛ (1 + z′ )3(1+w0+wa)e−3 waz′ 
1 + z′ 

Flat FLRW metric:

with chirp mass ℳ ≡
(m1m2)3/5

(m1 + m2)1/5

Binaries on Circular orbits: orders of magnitude

8 GRAVITATIONAL WAVES

1.1.4.1. The chirp signal

During the inspiral phase the GW frequency increases with time according to the
well-known chirp signal. Using the dominant quadrupolar mode for point masses m1

and m2 (with spins set to zero), and assuming circular orbits, it is given by

fGW =
1

⇡
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256⌧
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[1.5]

see Eq. [3.119], section 3.4.4. Here the chirp mass is

M ⌘ (m1m2)3/5

(m1 +m2)1/5
[1.6]

and

⌧ = t� tc [1.7]

is the time to coalescence, with tc the coalescence time. Clearly Eq. [1.5] will break
down before ⌧ = 0 (where formally fGW diverges). We refer to this time tmerger < tc
as the merger time.

1.1.4.2. Merger frequency

Assuming that the two objects are Schwarzschild BHs, and that merger occurs
at the innermost stable circular orbit (ISCO) namely a distance a = 6GM/c2 with
m = m1+m2, then it follows from Keplers laws (see Sec. 3.4) together with Eq. [1.5]
that

fmerger =
1

63/2
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Gm
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. [1.8]

(Note given a length scale a and a mass m,
p
Gm/a3 has dimensions of frequency.

Setting a = 6GM/c2 gives, modulo factors of 2⇡, Eq. [1.8].)

• For a binary neutron stars (BNS) system, with say m1,2 ⇠ 1.4M� then Eq. [1.8]
gives

fmerger ' 1.5kHz (BNS) [1.9]

This is upper part of the LVK frequency band, see figure 1.3.

time to coalescence τ = t − tc

• Supermassive BBHs, 
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fmerger ⇠ 10
�3

Hz

– nHz frequencies (PTA) do not correspond to of SMBHB coalescence, 
but emitted by binaries with masses ,on broad orbit  
(period ~ year(s))

107 − 1010M⊙



If GWs enter frequency band of a detector at observed frequency 

• BNS, entering LIGO-Virgo detector window at observed frequency  
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fmerger ⇠ 60Hz

• Time to merger

<latexit sha1_base64="bw+p2jxjGBbQmDrI3e68cJJLdI0=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hV0RzTHgxWME84DNEmYns8mQeSwzvUpY8hlePCji1a/x5t84SfagiQUNRVU33V1xKrgF3//21tY3Nre2Szvl3b39g8PK0XHb6sxQ1qJaaNONiWWCK9YCDoJ1U8OIjAXrxOPbmd95ZMZyrR5gkrJIkqHiCacEnBQm/bxnJBb6adqvVP2aPwdeJUFBqqhAs1/56g00zSRTQAWxNgz8FKKcGOBUsGm5l1mWEjomQxY6qohkNsrnJ0/xuVMGONHGlQI8V39P5ERaO5Gx65QERnbZm4n/eWEGST3KuUozYIouFiWZwKDx7H884IZREBNHCDXc3YrpiBhCwaVUdiEEyy+vkvZlLbiu+fdX1Ua9iKOETtEZukABukENdIeaqIUo0ugZvaI3D7wX7937WLSuecXMCfoD7/MHZvSRTQ==</latexit>

flow

<latexit sha1_base64="IcYu7J98hj92CAXoFIfdl1mdEr4=">AAACCHicbZDLSgMxFIYz9VbrrerShcEiuJAhU4rWXcFNlxXsBTplyKSZNjSZGZKMUocu3fgqblwo4tZHcOfbmE6LaPWHwM93zuHk/H7MmdIIfVq5peWV1bX8emFjc2t7p7i711JRIgltkohHsuNjRTkLaVMzzWknlhQLn9O2P7qc1ts3VCoWhdd6HNOewIOQBYxgbZBXPAy81JUC8uh2Al3FBCwj6J7CDNbvJl6xhGyUCSK7clGtVB34TZy5KYG5Gl7xw+1HJBE01IRjpboOinUvxVIzwumk4CaKxpiM8IB2jQ2xoKqXZodM4LEhfRhE0rxQw4z+nEixUGosfNMpsB6qxdoU/lfrJjqo9lIWxommIZktChIOdQSnqcA+k5RoPjYGE8nMXyEZYomJNtkVTAjO4sl/TatsO2c2uqqUatV5HHlwAI7ACXDAOaiBOmiAJiDgHjyCZ/BiPVhP1qv1NmvNWfOZffBL1vsX1KmYjA==</latexit>

flow ⇠ 20Hz
<latexit sha1_base64="k3MZnk8TKpTBb3R3baEfzMDyIew=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEFxKSUrXuCm5cVugLmlAm00k7dGYSZiZCCQV/xY0LRdz6He78G6dtQK0euHA4517uvSdMGFXadT+twsrq2vpGcbO0tb2zu2fvH7RVnEpMWjhmseyGSBFGBWlpqhnpJpIgHjLSCcc3M79zT6SisWjqSUICjoaCRhQjbaS+fdSEvqIcVqF/DjNfcsipmPbtsutcuJXrWhW6jjvHN/FyUgY5Gn37wx/EOOVEaMyQUj3PTXSQIakpZmRa8lNFEoTHaEh6hgrEiQqy+flTeGqUAYxiaUpoOFd/TmSIKzXhoenkSI/UsjcT//N6qY5qQUZFkmoi8GJRlDKoYzjLAg6oJFiziSEIS2puhXiEJMLaJFYyIXjLL/8l7YrjXTruXbVcr+VxFMExOAFnwANXoA5uQQO0AAYZeATP4MV6sJ6sV+tt0Vqw8plD8AvW+xdBDZRg</latexit>

T ⇠ 4min

• BNS, entering ET detector window at observed frequency  
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flow ⇠ 1Hz
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T ⇠ 5 days

=> cannot neglect the rotation of the earth 

=>Given the merger rates for BNS, BBH and BH-NS,  
expect a typical  BNS signal will be overlapped by a number  
of BBH signals, which may merge at similar times

<latexit sha1_base64="rRQ8tpbxT3hp3shXEdsbdj+6zO4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEFxKSUrXuCm5cVugLmlAm00k7dGYSZiZCCQV/xY0LRdz6He78G6dtQK0euHA4517uvSdMGFXadT+twsrq2vpGcbO0tb2zu2fvH7RVnEpMWjhmseyGSBFGBWlpqhnpJpIgHjLSCcc3M79zT6SisWjqSUICjoaCRhQjbaS+fdSEvqIcuo4H/XOY+ZJDNe3bZde5cCvXtapx3Dm+iZeTMsjR6Nsf/iDGKSdCY4aU6nluooMMSU0xI9OSnyqSIDxGQ9IzVCBOVJDNz5/CU6MMYBRLU0LDufpzIkNcqQkPTSdHeqSWvZn4n9dLdVQLMiqSVBOBF4uilEEdw1kWcEAlwZpNDEFYUnMrxCMkEdYmsZIJwVt++S9pVxzv0nHvquV6LY+jCI7BCTgDHrgCdXALGqAFMMjAI3gGL9aD9WS9Wm+L1oKVzxyCX7DevwCK5ZPq</latexit>

T ⇠ 0.1 s
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• For a stellar mass binary black hole (BBH) system with for instance m1,2 ⇠
35M�,

fmerger ' 60Hz (stellar mass BBH). [1.10]

This is right in the frequency band of LVK, see figure 1.3.

• For a super massive black hole binary (SMBHB) system with for instance
m1,2 ⇠ 106M�

fmerger ' 10�3Hz (supermassive Binary BHs) [1.11]

which is in the frequency band of LISA, see figure 1.3.

• Notice that PTA frequencies do not correspond to the merger frequency of any
know astrophysical system. Rather, they correspond to the inspiral phase of
SMBHB at times much before merger, as can be seen from Eq. [1.8]. Hence
these are on broad orbits, with periods of order years.

1.1.4.3. Time to merger

If GWs emitted during the inspiral enter the frequency band of a given detector at
frequency flow, then it is straightforward to integrate Eq. [1.5] from flow to fmerger

to find the total duration of the GW source as will be detectable by the experiment.
Assuming fmerger � flow for simplicity, one finds

T ⇠ 10�3f�8/3

low

✓
c3

GM

◆5/3

[1.12]

• For BNS entering the LVK band with flow ⇠ 20Hz, this gives T ⇠ 4 minutes.

• For BNS entering the ET band with flow ⇠ 1Hz, then T ⇠ 5 days.
(This implies for example that (e.g. Doppler) effects of the rotation of the earth
cannot be neglected when calculating the GW properties in more detail, see
e.g. (Iacovelli et al. 2022) and references within. Also one might expect other
GW signals to be produced in such a long period, overlapping with the BNS
one. This makes data analysis more complex (Samajdar et al. 2021).)

• For stellar mass BHs,with say m1,2 ⇠ 35M� entering the LVK band with
flow ⇠ 20Hz, then T ⇠ 0.1 seconds.

• For SMBHB with m1,2 ⇠ 106M� entering the LISA band with
flow ⇠ 10�4Hz, then T ⇠ 1 month.
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m1,2 ⇠ 106M�

• Supermassive BBHs, 
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T ⇠ 1month

• stellar mass BHs entering LISA detector window
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T ⇠ 20 yrs
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flow ⇠ 10
�2

Hz

[A Sesana 
arXiv:1702.04356]

Extra term in the waveform phase

• if not accounted for, it can introduce a bias on the binary parameters (time to coalescence,..)

• Earth based interferometers are not sensitive to this effect: they do not follow the 
GW source for enough time

• but this effect is relevant for LISA: binaries which stay in band for enough time, with 
low chirp-mass, that enter the detector around ten mHz and go to the LIGO band after 
~5 years

[Inayoshi et al 1702.06529]

[Slide courtesy of Caprini]
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Alternatively, with a few tens of detection one could con-
strain the location of the upper edge of the PISN mass
gap or, equivalently, the minimum IMBH mass, to the
percent level (see Fig. 4). These bounds could be im-
proved with third generation detectors such as Einstein
Telescope or Cosmic Explorer. Knowing the breadth of
this mass gap would have important implications for the
theory of stellar evolution [6, 7], and the quest to explain
the origin of LIGO/Virgo’s black holes.

We demonstrate that the end of the PISN mass gap
could also be seen by LISA. We find that the relevant
range of masses corresponds to a ground/space “sweet
spot”, maximizing the fraction of multi-band events (see
Fig. 3). Comparing the number of detections from
ground and space would serve to constrain the redshift
evolution of the merger rate of this population. Similarly,
these merging binaries will leave a distinctive imprint on
the spectral shape of the stochastic background of unre-
solved sources, further narrowing constraints on the lower
end of the PISN gap. Moreover, as shown in Fig. 5, the
minimum IMBH mass scale could be used to “standard-
ize” GW standard sirens, enabling direct constraints on
H(z) at redshift ⇠ 0.4, 0.8 and 1.5 with LISA, aLIGO,
and ET respectively.

Looking to the future, our analysis could be extended
in several ways. First, we have neglected the e↵ects of
spins and eccentricities, which might be relevant depend-
ing on the origin of the population above the mass gap.
Second, one could extend our models for the popula-
tion, as well as combine di↵erent probes. In particular,
it would be interesting to asses how a power-law distri-
bution of source frame IMBH masses would a↵ect the
constraints on mmin and H(z), taking into account both
resolved and unresolved sources. Finally, we note that
detecting the end of the PISN mass gap could be a key
target for deci-hertz observatories [32], possibly serving
to further strengthen these proposals.

We have shown that the existence of a far side, post
PISN gap population would provide a wealth of astro-
physical and cosmological information. Future obser-
vations will either uncover this population, or provide
strong limits on its existence.
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Appendix A: Supplemental material

1. Methods

In the following we provide further details on our
methodology. We detail the observing scenarios consid-
ered, and our methodologies for incorporating GW de-
tection e�ciencies, measurement errors, and selection bi-
ases. We use pyCBC [74] with the IMRPhenomD ap-
proximant [75] to compute the waveform of non-spinning
BBHs.
a. Observing scenarios: We consider Advanced

LIGO and Virgo runs following the latest version of [26]
(specifically LIGO public document P1200087-v58 of
early 2020). For O1/O2/O3 we consider 116/269/365
days of observation with 41/46/60% coincident opera-
tion of both aLIGO detectors. For O4 and O5 we adopt
2 years of observation at design sensitivity and 2 years
at the upgraded design (A+) with a 70% coincident op-
eration time. We use the sensitivity curves described in
[26], which can be found at [76].

For third generation detectors, Voyager, Einstein Tele-
scope and Cosmic Explorer, we adopt the sensitivity
curves given in [77]. Finally, for the future space-based
detector LISA we use the sensitivity curve defined in [78],
which can be downloaded from GitHub [79].
b. Sky localization sensitivity: In order to determine

the probability of detecting a GW from a given binary
system, defined as pdet in the main text, we take into
account the sky position, orientation, and inclination an-
gle. For ground-based detectors, since their antenna pat-
tern is basically fixed during the detection time, we use
the cumulative distribution function pdet(w) of having a

 Horizon redshift as a function  
of total source frame mass for
an SNR detection threshold of rho=8. 
 For LISA assumes 4 yrs obsv.
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m1,2 ⇠ 35M�
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fmerger ⇠ 60Hz

converted to a redshift assuming the Planck values of  
cosmological parameters

z>20; dark era preceding birth of  
first stars: any detected BHs must  
be primordial

Conclusions:  
1/ LVK,ET ==> BNS+ stellar mass and  
                      intermediate mass BHs 
2/ LISA ==> merger of supermassive BHs 
3/ cannot neglect expansion of the universe

• stellar mass BHs in LIGO-Virgo

[2006.02211]

• Amplitude/distance
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dH0 ⇠ c z

h ∼ 10−21 gives 
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Figure 1.3. Upper panel: LVK, CE and ET sensitivities (y-axis) as a function of
frequency, figure from (Maggiore et al. 2024). Lower panel in black dashed lines: LISA

sensitivity including known astrophysical sources, figure from (Colpi et al. 2024).

1.1.4.4. Amplitude and distance

The dimensionless amplitude of the GW signal scales with distance R to the source
and GW frequency fGW as

h ⇠ 4

R

✓
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◆5/3 ✓⇡fGW
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[1.13]

As an example, consider say stellar mass BBH with m1,2 ⇠ 35M� for which
fmerger ⇠ 60Hz. In order to generate (at merger) a signal with amplitude h ⇠ 10�21,
which is a couple of orders of magnitude higher than the LVK minimum strain
according to figure 1.3 requires from Eq. [1.13] that

R ⇠ 400Mpc [1.14]
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