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Plan for the talk

Les Houches, July 9, 2025

1. The Geodesic Light-Cone 
coordinates

2. Perturbation theory on the 
Light-Cone up to second order 

5. The observational angular 
distance-redshift relation

3. Cosmological observables in 
the GLC gauge

4. The GLC gauge in 
perturbation theory

Fixing the GLC gaugeBuilding blocks

Application
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The Geodesic Light-Cone coordinates 
GLC coordinates [Gasperini, Marozzi, Nugier, Veneziano, JCAP, 1107 (2011) 008]

GLC gauge:

[Fleury, Fanizza, Nugier, 
JCAP, 06 (2016) 008]
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physically motivated 
coordinates

2/28

https://arxiv.org/abs/1104.1167
https://arxiv.org/abs/1602.04461
https://arxiv.org/abs/1602.04461
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Physical meaning

Les Houches, July 9, 2025

The 4-velocity of a geodesic observer is

proper time

The wave-vector of an incoming photon is

Light-like geodesics are exactly solved by 
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Standard Perturbation Theory in a nutshell
Perturbed FLRW metric:

Les Houches, July 9, 2025

Scalar-Vector-Tensor decomposition:

where
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.,

and
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LC perturbation theory from SPT 

Les Houches, July 9, 2025

Build a perturbation theory on the light-cone 
starting from the FLRW background metricGOAL

background diffeomorphism
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Perturbation theory on the Light-Cone

Background LC metric from FLRW one: 

Perturbed LC metric:
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Scalar-PseudoScalar decomposition

Perturbations are decomposed according their transformation properties under SO(2):

Les Houches, July 9, 2025

Define the operators [Fanizza, Marozzi, Medeiros, Schiaffino, JCAP, 02 (2021) 014; Mitsou, Fanizza, Grimm, Yoo, Class. 
Quantum. Grav. 38 (2021) no. 5 055011]

with scalar and pseudo-scalar variables.
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https://arxiv.org/abs/2009.14134
https://arxiv.org/abs/2009.14687
https://arxiv.org/abs/2009.14687
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Remarks on SPS decomposition

Les Houches, July 9, 2025

PROS 

LC coordinates incorporate 
all the physical information 
about the various types of 
p e r t u r b a t i o n s , a l r e a d y 
decomposed into E- and B-
modes [Fanizza, Marozzi, Medeiros, 

JCAP, 02 (2023) 015].

CONS 

All the inhomogeneities and 
anisotropies are “embedded” 
in scalar and pseudo-scalar 
fluctuations.

Already at f irst order, 
perturbations are “coupled” 
to each other.

Perturbative calculations can 
be quite involved.
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https://arxiv.org/abs/2303.11743
https://arxiv.org/abs/2303.11743
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Gauge transformations

Consider the infinitesimal coordinate transformation

Les Houches, July 9, 2025

Note that

10 d.o.f.s in the perturbed LC metric gauge not yet specified

Then compute [Bruni, Matarrese, Mollerach, Sonego, Class. Quant. Grav. 14 (1997), 2585-2606]

where are the Lie derivatives along the gauge modes.
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https://arxiv.org/abs/gr-qc/9609040
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Map between perturbed FLRW and LC metrics

The following diagram commutes:

bkg.

bkg.+ perturbations

Les Houches, July 9, 2025 10/28
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SVT-SPS dictionary
Use the fully non-linear relations

Les Houches, July 9, 2025

Example:

to connect SVT perturbations to SPS ones.
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Key advantages of the GLC gauge

Les Houches, July 9, 2025

Obs. and source are connected through 
  geodesics on a 

past light-cone of a free-falling obs.
θ̃a = const. w = const.

Non-perturbative framework

Obtain fully non-linear expressions for 
light-like cosmological observables

Perturbation theory 

Observables are factorized as products of 
perturbations evaluated at the source and 

observer position (no nested integrals along 
the l.o.s.)
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The observed redshift 
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In the GLC gauge we have [Gasperini, Marozzi, Nugier, Veneziano, JCAP, 1107 (2011) 008]
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Then, we compute the redshift at any order in perturbation theory:

https://arxiv.org/abs/1104.1167
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The Jacobi map (I)

Les Houches, July 9, 2025

Take the geodesic deviation equation (with  the affine parameter along the curve):λ

Project (for A = 1, 2):

where
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The Jacobi map (II)

Les Houches, July 9, 2025

We obtain 

The Jacobi map connects an observer to a source and it is the solution to the above equation 
written as [Schneider, Ehlers, Falco, “Gravitational Lenses”, 1992]

where
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in the GLC gauge 
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The angular distance-redshift relation

Les Houches, July 9, 2025

Extension of the 
luminous source

Angular extension of the 
source seen by the observer

Photon propagation 
direction

Observer

In the GLC gauge 
[Fanizza, Gasperini, Marozzi, 
Veneziano, JCAP, 1311 (2013) 

019]
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https://arxiv.org/abs/1308.4935
https://arxiv.org/abs/1308.4935
https://arxiv.org/abs/1308.4935
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Working method (I)

Les Houches, July 9, 2025

First fix the GLC gauge on the light-cone order by order in perturbation theory:

Decompose the angular gauge mode in terms of SPS gauge modes:
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Working method (II)

Les Houches, July 9, 2025

For example, the first order gauge modes are 

residual gauge freedom of 
the GLC gauge at the obs.
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Working method (III)

Les Houches, July 9, 2025

GR effects at first 
and second order

Gauge invariant expressions for 
light-like cosmological observables 

observations by a 
free-falling observer[Nugier, 1508.07464]

“Unfix” the gauge replacing each perturbation with its gauge invariant counterpart (their 
value in the GLC gauge).
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The Observational Synchronous Gauge

Look for the GLC gauge in terms of SPT
At first order [Fanizza, Marozzi, Medeiros, Schiaffino, JCAP, 02 (2021) 014]

At second order

a geodesic obs. measures an 
unperturbed time

 directions of 
observation in the sky

θ̃a

Why?

perturbations in g0i perturbations in g00

inhomogeneities 
in the sky

Les Houches, July 9, 2025 20/28

https://arxiv.org/abs/2009.14134
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Prescription at the observer position

Les Houches, July 9, 2025 21/28

d  is a bi-scalarA
Fix the gauges both at the 

observer and source position

observer sit at the center of the polar frame 

Preserve the “observational gauge”                    No angular dependence at the observer position

see later…
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Elimination of divergences

Les Houches, July 9, 2025

With the gauge fixing of the residual GLC gauge freedom

we are able to eliminate all the terms  1/r , which would be IR divergences at the observer 
position.

∼ n
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Prescription at the source position (I) 

Les Houches, July 9, 2025

In Cosmology, we do not observe time but redshift.
Expand the redshift in perturbation theory:

Then expand

proper time of the source 
evaluated at the observed redshift 

distorsions due to inhomogeneities 
between source and observer
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Prescription at the source position (II) 

Les Houches, July 9, 2025

Each quantity at the source is expressed as

Require 
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and find
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Results for the angular distance

Les Houches, July 9, 2025

Fully gauge invariant formulae for the angular distance on the past light-cone:
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General relativistic effects

Les Houches, July 9, 2025

Each gauge mode needed to fix the gauge corresponds to a physical effect.

For example, at first order we have

To compare with the literature, we evaluate the angular distance in the Newtonian gauge.

[Courtesy of M. Medeiros] lensing 

velocity potential 

local and 
integrated SW
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Angular distance at first order in Newtonian gauge

Les Houches, July 9, 2025

extra term at the obs. such that d (z) is 
the one measured by a free-falling obs. 

A
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Summary and Outlook

Les Houches, July 9, 2025

These new tools can be conveniently applied to compute other cosmological observables 
on the light-cone up to second order (e.g. the redshift drift).

At second order, we get a very long formula for d (z), with all the various GR effects and 
the second order correction at the observer (new terms not present in the literature).

A

We developed the formalism for LC gauge invariant variables and observables beyond 
linear order. 

The full control of observer terms at second order provides the gauge invariant formula for 
d (z) beyond linear order and as seen by a free-falling observer.A
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Summary:

Outlook:



Thanks for your attention!
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SVT-SPS explicit dictionary

Les Houches, July 9, 2025 B1
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SVT-SPS explicit dictionary

Les Houches, July 9, 2025 B2

Spin-0 
perturbations

Spin-1 
perturbations

Spin-2 
perturbations

[Fanizza, Marozzi, Medeiros, JCAP, 
02 (2023) 015]

https://arxiv.org/abs/2303.11743
https://arxiv.org/abs/2303.11743
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SVT-SPS explicit dictionary

Les Houches, July 9, 2025 B3

E-modes B-modes

[Fanizza, Marozzi, Medeiros, JCAP, 
02 (2023) 015]

https://arxiv.org/abs/2303.11743
https://arxiv.org/abs/2303.11743
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Free-falling observer of the OSG (I)

Les Houches, July 9, 2025

The condition  defines a free-falling obs. g00 = − 1
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Free-falling observer of the OSG (II)
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Take the inverse (0,0)-components at first and second order: 

Inserting the GLC gauge fixing conditions, we get:
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GLC gauge invariant variables at first order

Les Houches, July 9, 2025 B6


