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The Geodesic Light-Cone coordinates

* GLC coordinates [Gasperini. Marozzi. Nugier, Veneziano, JCAP, 1107 (2011) 008] physically motivated

~ coordinates
= (r,w,0%), a=1,2 —_

w = const. < past LC angular directions in the sky

* GLC gauge: o
2 2 11,2
dst = m2ldrdw Trdwm S [Fleury, Fanizza, Nugier,
. 5 NQ
+ Yab (A% — U*dw)(d6° — U dw) A\, CAP.062016) 008]

> ~T%
/ k
induced metric on S2? > ¢ E

T = cst
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https://arxiv.org/abs/1104.1167
https://arxiv.org/abs/1602.04461
https://arxiv.org/abs/1602.04461

Physical meaning

2 * The 4-velocity of a geodesic observer 1s
k» proper time

* The wave-vector of an incoming photon 1s

kM oc OFw oHwd,w = 0

* Light-like geodesics are exactly solved by

~

0% = const.
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Standard Perturbation Theory in a nutshell

* Perturbed FLRW metric:
ds* =a*(n)| — (1 + 2(pM) + ¢(2)))dn2 —2(BWY + B@)dndr — 2(BY + B2)dnde?+

+(1+CD +c@)ar? +2(CY) + cP)drde® + FEEWV 4 D 4 cPyqpede®

* Scalar-Vector-Tensor decomposition:

B™ = 9,B™ + B, ViB™ =0,

c™ = —24™ + 2D, E™ + 2V, F™ 4+ 2p) viE™ =0,

C) = 2D, E™ + 2V, F + 2, h =0,

Cop) = —200™ FELEW 1 2D EM 4 2V Y + 28 vin{ =0.
1

where D;; = V(; V) — §%3A3 and ¢ = (r,0,9)
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LC perturbation theory from SPT

Build a perturbation theory on the light-cone
- starting from the FLRW background metric }

ot = (1, w, éa)

perturbed LC: { _ (1) (2 . .
fuv = Juv + v + fuv background diffeomorphism
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Perturbation theory on the Light-Cone

* Background LC metric from FLRW one:

fudztdz” = a*(1)

* Perturbed LC metric:

2

a

ds? = a?(7) | (LY + L@?)dr? — Z(1 — a(MWY + MP))drdw + 2(V,) 4 V?)drdh°

+ (14 NO + N@)dw? + 2UD + UD)dwdb® + (g + 2 + 72))dfd6?

/

) R
~drdw + dw? + 745,d0%d6°

2

Vab = [w — n(r)]zdiag(l, sin? 1) = [fw — 77(7')] Jab
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Scalar-PseudoScalar decomposition

* Define the operators |[Fanizza, Marozzi, Medeiros, Schiaffino, JCAP, 02 (2021) 014; Mitsou, Fanizza, Grimm, Yoo, Class.

Quantum. Grav. 38 (2021) no. 5 055011 ]

1 5 ~ ~ ~ ) — b
Da,b — D(an) 2Qa,bD Dab — D(an) — D(an) Da, — Gan
* Perturbations are decomposed according their transformation properties under SO(2):

v = p _Dav(”) + Do\
U = 2 au(”) + D, il ()’

D, '™ =0 = D,a™

1D = 202 (g™ + D™ + Do

with scalar and pseudo-scalar variables.
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https://arxiv.org/abs/2009.14134
https://arxiv.org/abs/2009.14687
https://arxiv.org/abs/2009.14687

Remarks on SPS decomposition

* LC coordinates 1ncorporate * Already at first order,
all the physical information \ perturbations are “coupled”
about the various types of i f to each other.

perturbations, already
decomposed into E- and B-
modes [Fanizza, Marozzi, Medeiros,
JCAP, 02 (2023) 015].

* All the inhomogeneities and ! * Perturbative calculations can
anisotropies are “embedded” i F be quite involved.
in scalar and pseudo-scalar '
fluctuations.

_posma g a0 - e go - 2 gu R T B O P ey . g sma AT T RO P e o Lo ot sBa
- / - it > = L7 S =4 - - - ot
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https://arxiv.org/abs/2303.11743
https://arxiv.org/abs/2303.11743

Gauge transformations

* Note that

10 d.o.f.s 1n the perturbed LC metric

* (Consider the infinitesimal coordinate transformation

gauge not yet specified

) 1,
ot = B oot 1 € + 5 (€ OuEy) T E(g)

* Then COIIlpllt@ |Bruni, Matarrese, Mollerach, Sonego, Class. Quant. Grav. 14 (1997), 2585-2606]

3 3 1 _ _
l(ulj) = (1) ﬁg(l)f ,(u%) = (2) Eg(l)f(l) z(ﬁg(l)fuu—ﬁg@)fuu)

where £€(n) are the Lie derivatives along the gauge modes.
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https://arxiv.org/abs/gr-qc/9609040

Map between perturbed FLRW and LC metrics

* The following diagram commutes:

gauge
1
> SP'T y' = gt = y“+€(1)+ (€(1)0 6(1)+6(2))

SPT
diff. diff.

GLC

gauge

GQLC | |Z 7% ="+ 5 (€Dl + )

bkg.+ perturbations
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SVT-SPS dictionary

* Use the fully non-linear relations

a’L = —2(¢ — 5Crp — By) ¢ = —3(a®’L+ N + 2aM)
aM = —B,, —C,, B.=—N—aM
N = Crr Crr —
=
aVy, = —By — Cra B, = —Ua —aV,
Ua — Cra Cra — Ua
5’7ab — Cab Cab — 57ab
to connect SVT perturbations to SPS ones.
ozt
* Example: En) = By <)

Ow
50 = L @2E0 4 FO 4 0air®) = L2000 4 NO) 4 2qs0y _ (5T O )531) L4

2 2(
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Key advantages of the GLC gauge

| Non-perturbative framework } ! Perturbation theory ]

P P e T S P A e £ . 1 Observables are factorized as products of §
¢ Obtain tully non-linear expressions for 1} perturbations evaluated at the source and |
{ light-like cosmological observables J | observer position (no nested integrals along §

i Obs. and source are connected through
i 0 = const. geodesiCs On a W = CONSt. jammmmmmm="
i past light-cone of a free-falling obs. |
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The observed redshift

* In the GLC 24augc wc have | Gasperini, Marozzi, Nugier, Veneziano, JCAP, 1107 (2011) 008]

kp = Ouw, Uy = —OuT

* Then, we compute the redshift at any order 1n perturbation theory:
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https://arxiv.org/abs/1104.1167

The Jacobi map (I)

* Take the geodesic deviation equation (with 4 the affine parameter along the curve):
VieH = Ropg, kK" €P Vi = k%V,
* Project (for 4 =1, 2):

A A A
§H = ¢ 551 £ = f'usﬂ = g€
where

GuvS'ySs = 0AB, shauy, =0 = sk, =TIEV\sY

T — sn KMk, kPu, + utk,
T (uPky)? uPkyp
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The Jacobi map (1I)

* We obtain

d2 A 4
d§2 — RégB RB — Raﬁyukakysgsl;l
where
EB\ = k"0 in the GLC gauge :

* The Jacobi map connects an observer to a source and it 1s the solution to the above equation
written as |Schneider, Ehlers, Falco, “Gravitational Lenses”, 1992]

EA () = TA O No) (’““0“53)

kY u,,
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The angular distance-redshift relation

Photon propagation

direction Extension of the

luminous source

Observer Angular extension of the

source seen by the observer

. In the GLC gauge |
§ [Fanizza, Gasperini, Marozzi, §
! Veneziano, JCAP, 1311 (2013) §
| 019] |
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https://arxiv.org/abs/1308.4935
https://arxiv.org/abs/1308.4935
https://arxiv.org/abs/1308.4935

Working method (1)

* Decompose the angular gauge mode 1n terms of SPS gauge modes:
Ey = 4% (DoX(m) + DoX(m)) »  DoX(my =0
* First fix the GLC gauge on the light-cone order by order 1n perturbation theory:
P —0=50 =350 = FO 4 o™

I® —0=5® = 5@ = 4N _ (F)2 4 801 @ _ 4T D)2
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Working method (11)

* For example, the first order gauge modes are

1 T
5(71) = [r dr’ (azL(l) + NO 4 2aM(1)) (7", w —n(T) + 77(7")) :

o 1
‘5<1>:§/T

f residual gauge freedom of
' the GLC gauge at the obs. |
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Working method (111)

* “Unfix” the gauge replacing each perturbation with its gauge invariant counterpart (their
value in the GLC gauge). "

.
.
‘l

Gauge invariant expressions for
light-like cosmological observables
. D
= ) observations by a GR effects at first
Nugier, 1508.07464] free-falling observer and second order
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The Observational Synchronous Gauge

* Look for the GLC gauge 1n terms of SPT
* At first order [Fanizza, Marozzi, Medeiros, Schiaffino, JCAP, 02 (2021) 014]

(1)

9dog X o) =0 = Observational Synchronous Gauge

6* directions of a geodesic obs. measures an
observation 1n the sky unperturbed time
* At second order . — - -
inhomogeneities a _ pa
: obs. = Ysource
) Why? in the sky
8

—

perturbations in g, perturbations 1n g,
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https://arxiv.org/abs/2009.14134

Prescription at the observer position

7 is a bi-scalar Fix the gauges both at the
A observer and source position

.» see later..

*
*
*
*
*
*
*
*
*
*
*
*
*
*
‘0
*

‘0
‘0
0

Preserve the “observational gauge” No angular dependence at the observer position

(€(1))o
(5(1))0 = w(()l) (6(1))0 — L)

Uo
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Elimination of divergences

* With the gauge fixing of the residual GLC gauge freedom

ay  &yo o) (&fz))o
Yoo T o , Yoo T o
WD = O (w) D = 89 (w)

we are able to eliminate all the terms ~ 1//, which would be IR divergences at the observer
position.
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Prescription at the source position (1)

* In Cosmology, we do not observe time but redshift.

* Expand the redshift in perturbation theory:

1-|—z:@
Qg

{1 + YW 4 r@e 4 (v Tgwgl)}

a . N®lg  N®g  (NO2e NP\ ONIND 1,
a_s{' 2 2 8 (2) 4 2[(1>]S}

* Then expand
T = Ty T Tz(l) + TZ(Q)

/

proper time of the source distorsions due to inhomogeneities
evaluated at the observed redshift between source and observer
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Prescription at the source position (11)

* Each quantity at the source 1s expressed as

X, = X(7,),

X(z*) =X, + XM 4+ X2 XU = X(r,)r® + xO (7)),

<

XO = X(r)r® + 5 X () (V) + XD (7,7
* Require 14 2 = ay/a, and find

1
2H,

"W = LN,

1 (NSDY?2 3 1 1 q
(2) _ @0 _ Wo )" 3 vz _ Layam 2o L% a0y
T, ZHZ{N 2 (V)T = o NGUNY = [U))2 A (NY12)
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Results for the angular distance

* Fully gauge invariant formulae for the angular distance on the past light-cone:

1 1 :
i) = -7 O+ 5 (1= g D+ @y ),

0+

2) () — _gr@o 1 1 (2)[0 @y 1 g2 2, 1
iQ ) = 7O+ 5 (1= g )DL+ @V D)t ST P+ (7P 4+

+ 49(2) — 59(2) x 11{ 7D D)9 — g Og D) 4 (ar7 D), [7D + (ar? D), — 37, D]+
1 1\ 1 3 1
1 _ oy Wiegrme _ Loy 3 L2 1) )

+ 2(1 asz’rz> | NS P 4(./VO ) —|-4(./Vz ) 2./1/0 N, 7+

_ hab(Da%(l) + [)ach(l))(Db%(l) 4 DbczZ(1>)]‘z’+

1 o H
(1) 0 (1) , z (1) 0\2
4H/V pg | 8azH§rz(/V 2)

+ /D2 (ary (W),
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General relativistic effects

* To compare with the literature, we evaluate the angular distance 1n the Newtonian gauge.

* Each gauge mode needed to fix the gauge corresponds to a physical effect.

r»velomty potential
7
5(71 NG) — / d77 (I)(l) : &‘w local and
| lin r’ W integrated SW

Tlo
ey - [ w700+ 50wl
n

* For example, at first order we have

[Courtesy of M. Medeiros] \ lensing
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Angular distance at first order in Newtonian gauge

1
AN (2) = —o) 4 (1 — ><I><1>\f;+

1 (" dpy [T 1 [
— / . / dn' D*(@W) + w) - / dn (@) + w4
n z

T~

k‘ extra term at the obs. such that da(z) 1s

the onec measured by a free-falling obs.
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Summary and Outlook

* Summary:

* We developed the formalism for LC gauge invariant variables and observables beyond
linear order.

* At second order, we get a very long formula for d(z), with all the various GR effects and
the second order correction at the observer (new terms not present in the literature).

* The ftull control of observer terms at second order provides the gauge invariant formula for
d(z) beyond linear order and as seen by a free-talling observer.

* Outlook:

* These new tools can be conveniently applied to compute other cosmological observables
on the light-cone up to second order (e.g. the redshift drift).
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Thanks for your attention!
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SVT-SPS explicit dictionary

2 1
I - _plcpﬂp_ (vrv,,, _ gAg)E—&,.B—BT ~V,F, —hr,.] ,

M = —%[—2¢+2(V7~vr - %A3)E+BTB+BT+QVTFT+2hTT] ’

1
N f— —27,& -|- 2(VTV7~ - §A3)E ‘|' 2v'rFr + 2h'r"r’ 9

11

V= —Eﬁ ﬁabD(a (ZV(,,Vb))E + 8b)B + Bb) + 2v('r'Fb)) + zh"f’b)) )

A 11 -—ab - -

U = _Eﬁ Y D(a (2V(rvb))E + 8{,)3 + Bb) + 2v('er)) + 2h"rb)) )
2 -—ab -

U = ﬁ Y D(a (V(,.Vb))E + V(,,.Fb)) + h'rb)) y

N 2 -—ab - -

U = ﬁ Y D(a (V(,,.Vb))E + V(er)) + h"rb)) )

1 —ab
V= — (¢ -+ gAgE) -+ ’YT [V(a (Vb)E + Fb)) + hab] )

2 1 - ]
b= D D _D (V(a(Vb)E+Fb)) +hab)- ,
G 2 L -Bab V. (ViE + F h -
M= 2 D2(D2+2) _ (a( b) L + b)) + Nap _ '
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SVT-SPS explicit dictionary

|[Fanizza, Marozzi, Medeiros, JCAP,

02 (2023) 015] S
Spin-0 |

" { perturbations |

: 1 1 :
M= —— [ — 2+ 2(VTV,. - §A3>E +8,B+ B, + 2V, F, + 2hr,.] R

1 i

7 D(a(2V (Vi) E + 95 B + By) + 2V Fy)) + 2h,p))

,—Yabb(a (ZV(,,.V,,))E + ab)B + Bb) + QV(,,.Fb)) + 2h'rb))

i perturbations |

¥*Da(V eV E + V(- Fyyy + hyy)

7 D(a (Ve Vi) B+ Vi Fy) + hry) ,

V—ab -

f <¢ + 3A3E) + - [V(a (Vb)E + Fb)> + hab] \

D (V(a (Vb)E + Fb)) + hab)

i perturbations |

E 2 1 . ‘
, rzDz(D2_|_2)’D (V(a(vb)E+Fb))+hab>_' -
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[Fanizza, Marozzi, Medeiros, JCAP,

02 (2023) 015]

{ [ -modes '

Pierre Béchaz

SVT-SPS explicit dictionary

L=—pl¢+¢—(vrvr_§A3)E_8TB_BT_VrFr_hrr]7 ;

1 1 :
M=~ [ W 2(vrvr _ 5A?,)E +8.B+ B, + 2V, F. + 2hrr] N

1
N p— —2¢ -|- 2(VTVT - §A3)E ‘|' ZVTFT‘ + 2h'r'r’ )

11 [ |
v =~ 3D (2V(, Ve E + 8y B + Byy + 2V, Fyy) + 2hyy)) | |

7 D4 (2V (+ Vi) E + 85 B + By + 2V, Fyyy + 2h,)) o

—| ¥+ 3A3E) + L [V(a (Vb)E + Fb)) + hab] :

Dab (V(a (Vb)E + Fb)) + ha,b
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Free-falling observer of the OSG (1)

, The condition g% = — 1 defines a free-falling obs. : sl

0"V, (0uT) = —g" "),

9"79""0ugpy = =9 9p0ug’ " — 9" 9up0ug”” = —20,9"" =0

8ugTT _ BN (nggTVng) _
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Free-falling observer ot the OSG (1I)

* Take the inverse (0,0)-components at first and second order:

gl = —a*LY — 2aM ™) — N

g7 = —a>L® — 2aM® — N@ — (a>LW)? — 463 LO MO — 302(MD)?

—22LOND _oa M ND 4 7abUé})Ub(l) 4 al2,7abva(1)v;)(1) n QaW“bVa(l)Ulfl)
* Inserting the GLC gauge fixing conditions, we get:
0T are = —2aM® — NO =g
933.aLo) = —2aM ) — i(N(l))Q +2aM®) —UZy — a[3a(MW)? + 2 NWD] + U,
1

_ _Z(QGM(D)Q _ a[3a(M(1))2 _ 4a(M(1))2] —0
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GLC gauge invariant variables at first order

1 &1
D%x )y — 5?1) (H ) ON

1

(1) — ,,(1)
7\ = :

ar T

2 w
./]/'(1) — N(l) _ 2H€?1) 4+ aawg?l) — 28w§(1) ;

Sy &)

1) 1
%( ) — U( ) P 2 8wX(1)7

?2(1) — ﬁ(l) — 810)2(1) .
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