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Inflation and gradient expansion

To connect prediction of inflation with observations,

we need to solve large scale evolution (k/aH << 1).

Useful method for ζ
Gradient expansion (GE) → delta N formalism 
Salopek&Bond(90)

Sasaki & Stewart (95), 

Sasaki & Tanaka (98),

Shibata & Sasaki(90),

      Deruelle & langlois (94),…

Starobinsky(82, 85),

Lyth, Malik, & Sasaki (04),

… Lyth &Rodriguez(05)….

separate universe approach, based on causality 



Salopek&Bond(90)
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Separate Universe approach ~ Mosaic art



at initial time

coarse-graining w/causal region

Different region evolves independently.

Salopek&Bond(90)

scale of interest
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at initial time

coarse-graining w/causal region

Salopek&Bond(90)
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scale of interest
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delta N formalism

Scale of interest λ >>  Smoothing scale λs ~ Size of casual patch ~ c/H

Evolution of inhomogeneous Universe

=  Evolution of glued numerous homogeneous universes

Fine-grained view Coarse-grained view
Solving PDEs

=
(☆)

late

early

t

Solving ODEs (Inhomogeneity: Different ICs)

Sasaki & Stewart (95), 

Sasaki & Tanaka (98),

ζ(t, x)  ←  Compute the cosmic expansion a(t2)/a(t1)(=exp[N]) of each patch
Geometrical (→model indep.&Non-perturbative) computation 

Starobinsky(82, 85),



δN formalism
Sasaki & Stewart (95), 

Sasaki & Tanaka (98),

Starobinsky(82, 85),

Lyth, Malik, & Sasaki (04),…

(☆)

Geometrical relation
+

1 Introduction and summary

Question to be addressed

• When the separate Universe approach can be applied?

Main results

• We show that the separate Universe approach can be generically applied as long as
the [locality] and [sDiff] conditions are satisfied.

• To reproduce the two independent solutions of ⇣, we need to take into account the
shear as well as at the leading order of the gradient expansion.

anisotropy is treated perturbatively in Ref. [1] for a specific model.

2 Basic condition

In this paper, we express the (d+ 1)-dimensional line element as

ds
2 = �N

2
dt

2 + gij(dx
i +N

i
dt)(dxj +N

j
dt) , (2.1)

with i, j = 1, · · · , d. We express the spatial metric as

gij = e
2 
�ij , (2.2)

where �ij satisfies det[�] = 1. Using  , the determinant of gij is given by g = e
2d .

2.1 Smoothing and separate Universe appraoch

The gradient expansion [2, 3] is an expansion scheme with respect to the spatial gradient
at each given time, which provides a useful tool to address the large scale evolution of the
fluctuations in a cosmological spacetime (see also Ref. [4]). The gradient expansion starts
with smoothing out small scale fluctuations [2]. We express a set of the coarse grained fields
which are smoothed out at a physical scale �s(t) as {'a}. We require that the smoothing
scale �s is equal to or larger than the size of the causally connected region in the typical time
scale of the expanding Universe and is much smaller than the scale under consideration, �,
satisfying1[5]

�� �s �
cmax

K
, (2.3)

where K denotes the expansion, which corresponds to (d times) the Hubble parameter
for the FLRW spacetime (the definition will be given in Sec. 3.2) and cmax denotes the

1
Here, as a typical time scale of the causal propagation, we consider the time scale of the cosmic

expansion, 1/K. When we consider a much shorter time scale than 1/K with �t ⌧ 1/K obviously the size

of the causal patch becomes smaller. Then, �s can be chosen as cmax/K > �s > cmax�t. When a system

under consideration includes a time variation much faster than the time scale of the cosmic expansion, K

in the definition of ✏ should be replaced with the fastest growth rate of the system.
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spatial gauge w/Ni=0 3-dim spatial metric

δN formalism

inhomogeneous e-folding number

reheating surface 

w/uniform density

Hubble crossing

w/flat

IC: Determined by QFT

homogeneous 

e-folding

remains small. The value of ✏ depends on the smoothing scheme such as the sharpness of
the window function which smooths out the small scale fluctuation. Without going into the
detail of the smoothing scheme, we simply assume that the window function is an analytic
function and ✏ takes a value of (0 ) ✏ ⌧ 1. Then, in the gradient expansion |ca@i'a

/(e K)|
is approximately bounded by ✏|'a|, allowing us to expand the field equations in terms of
the small parameter ✏. In the standard cosmological perturbation theory, the fields '

a

are divided into the background contributions and the perturbations. The field equations
are solved order by order after expanding them with respect to the perturbations. The ✏

expansion, which is the spatial gradient expansion on each time slice, provides a completely
different expansion scheme from the standard cosmological perturbation theory. In fact, the
validity of the gradient expansion does not require that the deviation from the background
should be perturbatively small.

Since the field values in each causal patch are almost homogeneous, we can identify
an inhomogeneous Universe with glued numerous nearly homogeneous patches. The basic
assumption of the separate universe approach is the validity of the following identity [1, 6],

[Separate universe evolution (?)]

(Solving the dynamics of an inhomogeneous Universe)
= (Solving the dynamics of glued nearly homogeneous patches independently)

which enables us to avoid solving a set of the partial differential equations for the coarse-
grained fields, {'a(t, x)}. When the identity (?) holds, the time evolution of the inho-
mogeneous Universe is determined solely by solving a set of the corresponding ordinary
differential equations, where the spatial gradient terms are simply dropped, for a corre-
sponding initial condition. We express a set of solutions which satisfy the field equations in
this limit as {'̄a(t)}. YU: At the leading order of the ✏ expansion, obtaining {'a(t, x)} is
equivalent to obtaining a complete set of solutions for {'̄a(t)}. In order to emphasize that
(?) is the identification of the evolution in two pictures for a common initial condition, we
call it separate universe evolution instead of separate universe approach, which has been
widely used.

Since {'a(t, x)} is inhomogeneous, these fields in different patches, in general, take dif-
ferent values. This is incorporated by assigning different initial conditions, correspondingly,
to these fields in different causal patches as

lim
✏!0

'
a(t, x) = '̄

a(t; {'̄a0(t⇤) = '
a0(t⇤, x)}0) , (2.5)

where YU: t⇤ denotes the initial time of the gradient expansion, which will be specified later.
Here, {'a0(t⇤, x)} denotes a reduced set of metric and matter fields by imposing gauge
conditions and also by solving constraint equations, which will be specified in Sec. 2.4.2.
For clarity, we use the index with a dash to denote the reduced set of the fields. The first
line of (?) corresponds to the left hand side of Eq. (2.5) and the second line corresponds to
the right hand side.

As is clear from the definition, (2.4), the expansion in terms of ✏ is the expansion with
respect to the spatial gradient. Lyth, Malik and Sasaki introduced a small parameter for
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 (t, x) =
1

3

Z t

dt0N(t0, x)K(t0, x)



Pros and Cons of δN 
Pros

Cons

- Drastic simplification down to back-of-envelope computation
→ Widely used to solve non-linear evolution

- Useful to develop intuitive understanding on generation mechanism of ζ

Observables
density perturbation ζ
entropy perturbation ζα - ζβ

PMF, Vector DM,….  

s=0

s=1

Sources

s=2GWs, …

……

s=0

s=1

s=2

scalar fields (inflaton,…)

U(1)/SU(N) gauge fields,…

✔︎

❌

❌

❌

Limited applicability



A modern application 1: Impact of diffusion

Pattison et al.(2017, 2021), Ezquiaga et al.(2020). 
Figueroa et al. (2020),….  

Figure from Pattison et al.(2017)

- Significant diffusion effect

- Deviation from Gaussian (Heavy tail)?
- Interesting ballpark for PBH formation 

Can we characterize the heavy tail via δN or we need “beyond”?
…. if so, when do we need the extension?



A modern application 2: Axionic inflation 

via the Chern-Simons coupling.
Not only being a candidate of the inflaton and dark matter, axions provide a unique

window to explore a theoretical prediction of string theory. It is known that string theory
predicts a copious presence of axions whose mass spectrum is logarithmically flat. The
Universe which is filled with such axions is called string axiverse [34]. Along the same line,
in this paper, we investigate the possibility of a magnetogenesis through axions which start
to oscillate at various epochs, including after the completion of the reheating. A major
obstacle to generate the magnetic field in the plasma filled Universe is the presence of the
large electrical conductivity, which introduces a friction whose time scale is much shorter than
that of the cosmic expansion. In this paper, we address whether the parametric resonance
caused by the rapid coherent oscillation which follows the delayed onset of the oscillation can
generate the magnetic field by overcoming the friction due to the conductivity, or not.

When the onset of the oscillation significantly delays, the parametric resonance continues
until the backreaction of the gauge field production becomes important. At the non-linear
regime, the two polarization modes, which had evolved independently in the linear regime,
start to interact with each other, as explored in Ref. [35]. This washes out the helicity
generated through the Chern-Simons coupling in the linear regime. Therefore, in this paper,
focusing on the models where the onset of the oscillation mildly delays and the parametric
resonance terminates due to the cosmic expansion before the saturation, we estimate the
maximum amplitude of the present magnetic field.

This paper is organized as follows. In Sec. 2, we first discuss the general formulation
governing the co-evolution of the U(1) gauge field and the axion. Then, we summarize the
various setups of the magnetogenesis which are addressed in this paper. In Sec. 2.3, we derive
a general formula for the possible amplitude of the magnetic field at generation without being
plagued by the backreaction problem. In Sec. 3, we discuss the gauge field production during
inflation. As a specific example, we consider axion monodromy inflation. In Sec. 4, we discuss
the gauge field production during reheating. In Sec. 3 and Sec. 4, we assume that the axion
has driven the inflationary expansion as the dominant source. In Sec. 5, we consider the
gauge field production by a spectator axion both during inflation and reheating. In Sec. 4
and Sec. 5, we discuss the gauge field production through parametric resonance, when the
onset of the oscillation delays. In Sec. 6, we address the resonant production of the gauge field
in conducting plasma. In Sec. 7, we provide the order estimation of the possible magnetic
field amplitude at present for the scenarios discussed in the paper.

2 Preliminaries

In this paper, we consider a U(1) gauge field A
µ and an axion (or an axion-like field) � with

the Lagrangian density given by

L = �1

2
@µ�@

µ
�� V (�)� 1

4
Fµ⌫F

µ⌫ � ↵

4

�

f
Fµ⌫F̃

µ⌫
, (2.1)

where ↵ is the dimensionless coupling parameter and f is the decay constant of the axion.
Since the potential V (�) preserves the Z2 symmetry, we can choose ↵ to be positive, without
a loss of generality. Here Fµ⌫ is the field strength of the U(1) gauge field defined as Fµ⌫ =
@µA⌫ � @⌫Aµ and the dual F̃µ⌫ is defined as

F̃
µ⌫ =

1

2
p
�g

✏
µ⌫⇢�

F⇢� , (2.2)
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Garreston, Field, Carroll(92), Finelli and Gruppuso (2001),…

axion φ may or may not be inflaton

- Magnetogenesis

- Monodromy inflation Silverstein &Westphal(08)Characteristic power spectrum

- Large non-Gaussianity

- Efficient preheating and GW production

Fujita et al. (2015), Adshead et al. (2016), Patel, Tashiro, Y.U. (2019),…

Adshead et al. (2015, 2018, 2023),….

Warm inflation? Baryogenesis? Connection to string theory/swampland? Chiral gravitational waves?.…. 

- Enhancement of primordial perturbations and primordial blackholes

Barnaby and Peloso (2010), Barnaby et al. (2011),…

Linde, Mooji, and Pajer (2012),…..



 log(1/k) 

 loga aend  aeq

 kCMB

 kCMB: Scale of interest, e.g., CMB scale
 Determines the GE parameter

 akCMB Large ξ

For k/aH ≦ 1, impacts of gravitational fluctuations need to be taken into account. 
(For preheating, important dynamics happens within each horizon patch.) 

gravitational fluctuations

Tachyonic instability

Here, we introduced

D(⌘, k) ⌘ 1

|Ah|

���
1

k

dAh

d⌘

��� , (2.25)

and we approximated |d|Ah|2/d(k⌘)| <⇠ D|Ah|2. Eq. (2.24) states that, when the width of
the peak is narrower, i.e., � ln k ⌧ 1, a larger peak amplitude of B is allowed without
contradicting the conditions (2.18) and (2.19).

In this work, we discuss the magnetic field amplitude that can be generated without
violating these conditions. In all the numerical analyses, we assume that the generation
of the gauge field does not significantly modify the cosmic expansion and the evolution of
the background �. This is simply accomplished by requesting that the conditions (2.18)
and (2.19) are satisfied by a substantial margin. As is clear from (2.24), a larger energy
density of the source, ⇢�,osc / FoscH

2
osc, or generating the gauge field with a smaller coupling

constant ↵ enhances the possible amplitude of Bh, thus relaxing the restriction. In the
numerical analyses, we further require that the inhomogeneous contribution of the axion
in the equation of motion for A is suppressed. In this paper, we assume that the axion
coherently oscillates at least within each Hubble patch. This assumption should be more
carefully examined especially after the non-linear structure formation of the Universe sets in
(see, e.g., Ref. [46]).

3 Gauge field production during inflation: Axion = Inflaton

In this section, we consider the generation of the gauge field by the axion which plays the
role of inflaton. As seen from Eq. (2.11), the coupling between the axion and the gauge field
is proportional to ⇠, defined in Eq. (2.12). Using the slow-roll parameter,

" ⌘ 1

2M2
pl

✓
�
0

H

◆2

, (3.1)

we can express the amplitude of the parameter ⇠ as

|⇠| =
p
2"↵

Mpl

f
. (3.2)

Therefore, in slow-roll inflation with " ⌧ 1, the amplitude of |⇠| is bounded as |⇠| ⌧ ↵(Mpl/f)
(in the canonically normalized frame). In fact, this is one obstacle in amplifying the gauge
field e�ciently during slow-roll inflation.

3.1 Gauge field production in monodromy inflation

During inflation, we determine the initial condition for Ah in the limit k/H � 1, requiring
that Ah should approach to the WKB solution, given by

Ah(⌘, k) !
1p
2k

e
�ik⌘

. (3.3)

When the slow-roll parameter " almost stays constant in time, we can solve the mode equation
for Ah analytically Ref. [47]. In this case, the asymptotic value for the growing mode of A
in the limit �k⌘ ! 0 can be written as [48]

A(⌘, k)
|k⌘|⌧1����! 1p

2k

e
⇡|⇠|

p
2⇡|⇠|

. (3.4)
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tachyonic instability

 for k < kh ~ aHξ 

A modern application 2: Axionic inflation 



Two generalizations

1) Going beyond scalar systems w/ Tanaka( 2021, 2023, 2024)

- Clarification of their validity From gradient expansion

density perturbation ζ
entropy perturbation ζα - ζβ

PMF, Vector DM,….  

GWs, …

s=0

s=1

s=2

scalar fields (inflaton,…)

U(1)/SU(N) gauge fields,…

✔︎

✔︎

✔︎

✔︎

- From arbitrary (integer) spins to arbitrary spins

2) Going beyond gradient expansion

Scalar fields system where impacts of subhorizon modes can be potentially 
important. Incl. initial NG,…

w/ Saha, Tada (in prep)



Separate universe

Scale of interest λ >>  Smoothing scale λs > Size of causal patch
~ cs/H

(⭐︎) Evolution of inhomogeneous Universe

=  Evolution of glued numerous homogeneous Universes

When (☆) holds?

Salopek&Bond(90)

=
(☆)

evolve independently 

late

early

t



w/o gravity
w/o gravity (or for a fixed geometry)

【Locality】 (☆)
e.g. canonical scalar field

【Locality】

Δ: Laplacian

(☆)

~ H2 ~ k2/a2

 We can ignore spatial gradient, when the corse grained field only includes

k/a < H  → smoothing scale λs  > 1/H  → small parameter ε =k/aH << 1  

→ O(ε2)

�̈+ 3H�̇+ dV/d�+��+ · · · = 0
<latexit sha1_base64="QL4BK8Dz3pDo93X7vW8LT1pXEj8=">AAACKnicbZBLSwMxEMez9VXrq+rRS7AIglB3W0EvQn0ceqxgH9BdSjabtqHZB8msUJZ+Hi9+FS89KMWrH8S0XaG2DgR+858ZJvN3I8EVmObEyKytb2xuZbdzO7t7+wf5w6OGCmNJWZ2GIpQtlygmeMDqwEGwViQZ8V3Bmu7gYVpvvjCpeBg8wzBijk96Ae9ySkBLnfyd7XkhJHbU5yN8gctVbC/mXuPSm7JG+5EJIPg3o7pN4VtsdvIFs2jOAq+ClUIBpVHr5Md6BY19FgAVRKm2ZUbgJEQCp4KNcnasWETogPRYW2NAfKacZHbqCJ9pxcPdUOoXAJ6pixMJ8ZUa+q7u9An01XJtKv5Xa8fQvXESHkQxsIDOF3VjgSHEU9+wxyWjIIYaCJVc/xXTPpGEgnY3p02wlk9ehUapaJWLpaerQuU+tSOLTtApOkcWukYVVEU1VEcUvaJ39IE+jTdjbEyMr3lrxkhnjtGfML5/ANjLpGc=</latexit>
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�̈+ 3H�̇+ V,� + µ(�� µ
2)�1[ri�ri

�] = 0



w/ gravity

【Locality】 (☆)

3 Validity of separate Universe approach

In this section, we show that when the [sDiff] and [locality] conditions are satisfied, the basic
property of the separate Universe approach, (?), holds. As emphasized in the previous
section, the key is to show that the non-local contributions that appear by solving the
momentum constraints decay in time. In Sec. 3.3, we show the decay of these non-local
contributions, using Noether charge densities of the spatial large gauge transformations.

3.1 Basic equations

Let us express the total action as

S =

Z
d
d+1

xN
p
gL =

Z
d
d+1

xN
p
g [Lg + Lmatter] , (3.1)

where Lg is the Lagrangian density for the gravitational field and Lmatter denotes the matter
Lagrangian density. The time derivative of the spatial metric, gij which remains invariant
under the spatial coordinate transformation x

i ! x̃
i(t, xi) is given by the extrinsic curvature

and its trace part, defined as

Kij =
1

2N
(ġij �DiNj �DjNi) , K ⌘ g

ij
Kij . (3.2)

Here, Di is the covariant derivative for the spatial metric gij . Using the extrinsic curvature,
the kinetic term of gravity is given by 2

Lg =
F

16⇡G


K

i
jK

j
i � �HLK

2 + �1K
3 � �2KK

i
jK

j
i + �3K

i
jK

j
lK

l
i + · · ·+O(✏)

�
, (3.3)

where the coefficients F , �HL, �i with i = 1, 2, 3 are arbitrary functions of the matter fields.
Potential terms of gravity such as the spatial Ricci scalar s

R are included in O(✏), which have
at least one more spatial gradient compared to the terms shown in Eq. (3.3). As discussed
in the previous section, the gradient expansion with respect to ✏ can be established as a
well-defined expansion only after the non-local contributions are confirmed to be negligible.

For an illustrative purpose, we have written down several possible terms of Lg in
Eq. (3.3). However, the same argument applies as far as the [sDiff] and [locality] conditions
hold. The above Lagrangian density includes general relativity (�HL = 1, �1 = �2 =

�3 = 0), the projectable and non-projectable versions of the Horava-Lifshitz gravity3

(�1 = �2 = �3 = 0), and beyond Horndeksi (�HL = 1,�2 = 3�1, �3 = 2�1 for d = 3) [18].
The absence of pathology in each theory should be separately examined, when one wants
to apply our formulation to compute an observable consequence.

2
Since the shift vector Ni is related to the (d + 1)-dim metric component, g0i, as g0i = Ni, it does not

transform as a vector field under x
i
! x̃

i(t, xi) (while it does under x
i
! x̃

i(xi)). Therefore, a contraction

of Ni, N
i
Ni, is not invariant under the time dependent spatial coordinate transformation.

3
In the HL gravity, Lg can include the spatial Riemann tensor, the spatial Ricci tensor, and the spatial

Ricci scalar with the spatial covariant derivative operators (see e.g., [10]).As is known, in the non-projectable

version of the HL gravity, the gradient instability in the IR can be avoided by introduicng a term proportional

to g
ij
@i lnN@j lnN . This term is also included in O(✏2�).
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@i(· · · ) + (· · · )@i(· · · ) = 0
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HC

MC

Solving Hi =0 gives rise to non-local terms.

e.g.,single scalar field, βi=0 + δφ=0
Hi =0 → α = Δ-1( ……) + (……)

local gauge const. 

non-local gauge const. ℋi ≡
∂(α gℒ)

∂βi
= 0

ℋ ≡
∂(α gℒ)

∂α
= 0

ds2 = − α2dt2 + gij(dxi + βidt)(dxj + β jdt)

αα



physical fields {φphys}fields in L
solving all constraints

a local theory w/gravity

@i(· · · ) + (· · · )@i(· · · ) = 0
<latexit sha1_base64="6g6+bmlpAHTMGISjSl9+d3UiLo4=">AAACIXicbZBNS8MwGMfT+TbnW9Wjl+AQJsJoRXAXYejF4wT3AmspaZpuYWlTklQYZV/Fi1/FiwdFdhO/jOlWULc9EPjx/z9PkufvJ4xKZVlfRmltfWNzq7xd2dnd2z8wD486kqcCkzbmjIuejyRhNCZtRRUjvUQQFPmMdP3RXe53n4iQlMePapwQN0KDmIYUI6Ulz2w4CRKKIuZRWHNwwJU8h/Dil1f6N9DyzKpVt2YFl8EuoAqKannm1Ak4TiMSK8yQlH3bSpSb5bdjRiYVJ5UkQXiEBqSvMUYRkW4223ACz7QSwJALfWIFZ+rfiQxFUo4jX3dGSA3lopeLq7x+qsKGm9E4SRWJ8fyhMGVQcZjHBQMqCFZsrAFhQfVfIR4igbDSoVZ0CPbiysvQuazbVt1+uKo2b4s4yuAEnIIasME1aIJ70AJtgMEzeAXv4MN4Md6MT2M6by0Zxcwx+FfG9w9S1qET</latexit><latexit sha1_base64="6g6+bmlpAHTMGISjSl9+d3UiLo4=">AAACIXicbZBNS8MwGMfT+TbnW9Wjl+AQJsJoRXAXYejF4wT3AmspaZpuYWlTklQYZV/Fi1/FiwdFdhO/jOlWULc9EPjx/z9PkufvJ4xKZVlfRmltfWNzq7xd2dnd2z8wD486kqcCkzbmjIuejyRhNCZtRRUjvUQQFPmMdP3RXe53n4iQlMePapwQN0KDmIYUI6Ulz2w4CRKKIuZRWHNwwJU8h/Dil1f6N9DyzKpVt2YFl8EuoAqKannm1Ak4TiMSK8yQlH3bSpSb5bdjRiYVJ5UkQXiEBqSvMUYRkW4223ACz7QSwJALfWIFZ+rfiQxFUo4jX3dGSA3lopeLq7x+qsKGm9E4SRWJ8fyhMGVQcZjHBQMqCFZsrAFhQfVfIR4igbDSoVZ0CPbiysvQuazbVt1+uKo2b4s4yuAEnIIasME1aIJ70AJtgMEzeAXv4MN4Md6MT2M6by0Zxcwx+FfG9w9S1qET</latexit><latexit sha1_base64="6g6+bmlpAHTMGISjSl9+d3UiLo4=">AAACIXicbZBNS8MwGMfT+TbnW9Wjl+AQJsJoRXAXYejF4wT3AmspaZpuYWlTklQYZV/Fi1/FiwdFdhO/jOlWULc9EPjx/z9PkufvJ4xKZVlfRmltfWNzq7xd2dnd2z8wD486kqcCkzbmjIuejyRhNCZtRRUjvUQQFPmMdP3RXe53n4iQlMePapwQN0KDmIYUI6Ulz2w4CRKKIuZRWHNwwJU8h/Dil1f6N9DyzKpVt2YFl8EuoAqKannm1Ak4TiMSK8yQlH3bSpSb5bdjRiYVJ5UkQXiEBqSvMUYRkW4223ACz7QSwJALfWIFZ+rfiQxFUo4jX3dGSA3lopeLq7x+qsKGm9E4SRWJ8fyhMGVQcZjHBQMqCFZsrAFhQfVfIR4igbDSoVZ0CPbiysvQuazbVt1+uKo2b4s4yuAEnIIasME1aIJ70AJtgMEzeAXv4MN4Md6MT2M6by0Zxcwx+FfG9w9S1qET</latexit><latexit sha1_base64="6g6+bmlpAHTMGISjSl9+d3UiLo4=">AAACIXicbZBNS8MwGMfT+TbnW9Wjl+AQJsJoRXAXYejF4wT3AmspaZpuYWlTklQYZV/Fi1/FiwdFdhO/jOlWULc9EPjx/z9PkufvJ4xKZVlfRmltfWNzq7xd2dnd2z8wD486kqcCkzbmjIuejyRhNCZtRRUjvUQQFPmMdP3RXe53n4iQlMePapwQN0KDmIYUI6Ulz2w4CRKKIuZRWHNwwJU8h/Dil1f6N9DyzKpVt2YFl8EuoAqKannm1Ak4TiMSK8yQlH3bSpSb5bdjRiYVJ5UkQXiEBqSvMUYRkW4223ACz7QSwJALfWIFZ+rfiQxFUo4jX3dGSA3lopeLq7x+qsKGm9E4SRWJ8fyhMGVQcZjHBQMqCFZsrAFhQfVfIR4igbDSoVZ0CPbiysvQuazbVt1+uKo2b4s4yuAEnIIasME1aIJ70AJtgMEzeAXv4MN4Md6MT2M6by0Zxcwx+FfG9w9S1qET</latexit>e.g., MC

non-local

acausal interaction  (☆)

w/ gravity

ℋi ≡ ∂(α gℒ)/∂βi = 0



Generalization

The action remains invariant under the spatial Diff. 
xi ! x̃i(t,x)
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【Locality】
The Lagrangian is determined by a local function of 

 coarse-grained field       , i.e.,

allowing only the tiny influence among them, which is mediated by the spatial gradient
terms suppressed by ✏ ⌧ 1. This effect can be taken into account order by order through
the perturbative expansion of ✏. Especially, in the limit ✏ ! 0, it was shown that the evo-
lution of each causal patch can be determined completely independently of other patches,
considering scalar field systems [2, 7].

Having considered that the inflationary Universe provides a natural laboratory to ex-
plore new physics in extreme high energy, it is crucially important to establish a convenient
computational tool to compute the primordial perturbations for a general model of inflation.
For this purpose, in this paper, we show the general condition that ensures the validity of
the separate Universe approach, (?), and the �N formalism.

2.2.1 Spatial Diff invariance

First, we require that

• [sDiff] The theory which describes the coarse-grained fields {'a(t, x)} should remain
invariant under the d-dim spatial diffeomorphism (Diff),

x
i ! x̃

i(t, xi). (2.8)

The d-dim spatial Diff invariance is a sub group of (d+ 1)-dim Diff invariance. Variations
of the spatial Diff invariant theory are summarized e.g., in Ref. [8]. The foliation preserving
Diff invariance is preserved in the Horava-Lifshitz (HL) gravity [9], which is known to be
power-counting renormalizable. The violation of the (d + 1)-dim Diff invariance leads to
the appearance of the additional scalar degree of freedom in the gravity sector, dubbed
Khronon.

In a (d+ 1)-dim Diff invariant theory, using the time component of rµT
µ
⌫ = 0, which

is ensured by the time Diff, we can show the existence of the constant solution for the
curvature perturbation in the uniform density slicing, which turns out to coincide with the
uniform expansion slicing in the large scale limit [5, 6]. It is intuitively natural that the time
Diff implies the existence of a conserved quantity. However, this argument cannot apply
to a theory where the (d+ 1)-dim Diff invariance is violated, since the energy conservation
does not hold. Meanwhile, it is known that the curvature perturbation is also conserved
at large scales e.g., in non projectable version of the HL gravity [10]. We show that the
constant solution also exists, when the (d + 1)-dim Diff invariance is broken down to the
d-dim Diff invariance.

2.2.2 Locality condition

As emphasized above, in general relativity, the causality is crucial to verify the separate
Universe approach and the gradient expansion. In the absence of the (d + 1)-dim Diff
invariance, there is no clear notion of the causality. Therefore, instead, we require

• [locality] After solving all the constraint equations except for the Hamiltonian and
momentum constraints, the effective dynamics of the coarse grained fields {'a} is
described by the Lagrangian density given by a local function of {'a} as

L(x) = L [{'a(x)}] . (2.9)
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d-dim Diff invariance.

2.2.2 Locality condition
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Universe approach and the gradient expansion. In the absence of the (d + 1)-dim Diff
invariance, there is no clear notion of the causality. Therefore, instead, we require
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【sDiff】

Tanaka & Y.U.(2021)

↔︎ “Non-locally” appears only appear by solving gauge constraints.

Solving MC does not cause any accusal issues. 
Validity of (☆) at the leading order of the gradient exp.

For perturbative including of curvature see Artigas, Shi, Tanaka (2024)

* The coarse-grained fields (metric & matter fields) should be x-independent. 
Excluding Solid configuration, Spatially non-flat FLRW as 0th order of gradient exp.



Recall QED 

L = �1

4
Fµ⌫F

µ⌫
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+ matter fields Fµ⌫ = @µA⌫ � @⌫Aµ
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from

If a gauge constraint holds at one time, it holds at any time. 

The same argument is also possible for other gauge const e.g., U(1) gauge const.



Derivation
Spatial Diff invariance

Other fields than lapse and shift

Tanaka & Y.U.(2021)

Momentum constraint

- Hi = 0  at t=ti                            Hi = 0  at  all t

- Even if not,                  
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Hi = Ci/
p
g / 1/Vphys

Sugiyama, Komatsu, & Futamase(12) Garriga, Y.U., & Vernizzi(16)Generalization of       

* bdry term vanishes since Hi is a generator of sDiff.

δξα = 0, δξβi = − ·ξi + ⋯

ℋi ≡ α∂ℒ/∂βi



δN formalism
t

treh (reheating)

t* (horizon crossing)

quantum

classical

At t=t*, the dice was thrown, determining how probable each IC is. 

Φ :prob=1/2 ↔︎ H

Φ :prob=1/4 ↔︎ H, 

Φ :prob=1/4 ↔︎ H, 

Sasaki & Stewart (95), 

Sasaki & Tanaka (98),

Starobinsky(82, 85),

t=t* t=treh

Model dependence
PDF of ζ at treh from PDF of φI at t*

H: expansion

deterministic (ODE) w/(☆)

IC which satisfies MC 



Our generalization is naively….

For a single field model of inflation

IC at horizon crossing: φ*, πφ* , h+* , hx*     +  3 shear DOFs σ1,σ2,σ3 

≡ Φaphys* (a=1, 2, 3,4)

Non-local form (from MC )

Ni=0 + TT at t=t*

Tanaka & Y.U.(2021)

delta N is mapping between the initial input (→ inhogegeneity) and the 
corresponding e-folding number 

ΔN(tf, x) = N(tf, x) - <N(tf)> = F[t; {Φaphys* }]
↓ 


Φaphys* The mapping functional F becomes non-local.

Separate Universe

e.g. in ultra-slow roll modes



Our generalization is naively….

For a single field model of inflation

IC at horizon crossing: φ*, πφ* , h+* , hx*     +  3 shear DOFs σ1,σ2,σ3 

≡ Φaphys* (a=1, 2, 3,4)

Non-local form (from MC )

Ni=0 + TT at t=t*

Tanaka & Y.U.(2021)

delta N is mapping between the initial input (→ inhogegeneity) and the 
corresponding e-folding number 

ΔN(tf, x) = N(tf, x) - <N(tf)> = F[t; {Φa* }]
↓ 

Φa* 

≡ Φa* (a=1, …, 7)

Mapping function F becomes local, since equations to be solved are all local.
✔︎ Separate Universe is valid.

… while initial inputs σi= σi(Φaphys*) becomes non-local.



Story in scalar field systems

w/slow-roll Sugiyama, Komatsu, & Futamase(12)

Garriga, Y.U., & Vernizzi(16)

Why we don’t face non-locality in “usual” examples ??

w/o slow-roll

Hi � @iH = (· · · )/Vphys
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GR + scalar fields

MC is ensured by HC w/ exponentially decaying error.

e.g. single canonical scalar field in GR

shear Ai
j = (· · · )/Vphys
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HC

MC

(i, j) traceless

The same argument does not work in the presence of vector/tensor fields.

−
3
2

K2 + Ai
jAj

i + 16πGρ = 𝒪(ϵ)

−
3
2

∂iK + ∇j Aj
i − 16πG

·ϕ
α

∂iϕ = 𝒪(ϵ2)

 : Expansion

 : Shear

K
Ai

j



Shear as O(✏0)
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Shear, Ai j , has been assumed to be sub-leading order of gradient expansion. 
e.g, Lyth, Malik, & Sasaki (04)

4

The conditions on the metric components are therefore

βi = O(ε) , (9)
˙̃γij = O(ε2) . (10)

There is no requirement on ψ and N since they are not locally observable. We note that in alternative theories
of gravity, the assumption ˙̃γ = O(ε2) may not be as natural as in the Einstein case. Nevertheless, we assume this
condition. In other words, we implicitly focus on a class of gravitational theories in which the condition ˙̃γ = O(ε2) is
consistent with the field equations.

In view of Eq. (9), the line element simplifies, giving

ds2 = −N 2dt2 + 2βidxidt + γijdxidxj . (11)

C. Energy conservation

By virtue of the separate universe assumption, the energy momentum tensor will have the perfect fluid form

Tµν ≡ (ρ+ P )uµuν + gµνP , (12)

where ρ = ρ(xµ) is the energy density and P = P (xµ) is the pressure.
First let us choose the spatial coordinates that comove with the fluid. That is, the threading of the spatial

coordinates such that the threads xi =constant coincide with the integral curves of the 4-velocity uµ (the comoving
worldlines). Hence,

vi =
ui

u0

(

=
dxi

dt

)

= 0 . (13)

The components of the 4-velocity in these coordinates are

uµ =

[

1
√

N 2 − βkβk

, 0

]

=

[

1

N , 0

]

+ O(ε2) ,

uµ =

[

−
√

N 2 − βkβk,
βi

√

N 2 − βkβk

]

=

[

−N ,
βi

N

]

+ O(ε2) . (14)

The expansion of uµ in the comoving coordinates, vi = 0, is given by

θ ≡ ∇µuµ =
1√
−g

∂µ

(√
−guµ

)

=
1

N e3α
∂0

(

N e3αu0
)

=
1

N e3α
∂t

(

N e3α

√

N 2 − βiβi

)

. (15)

Note that γ̃ij does not appear in the above expression because det γ̃ij = 1. The relation between the coordinate time
x0 = t and the proper time τ along uµ is

dt

dτ
= u0 =

1
√

N 2 − βiβi

. (16)

The energy conservation equation,

− uµ∇νT
µν =

[

d

dτ
ρ+ (ρ+ P ) θ

]

= 0 , (17)

reduces therefore to

√

N 2 − βkβk

[

d

dτ
ρ+ (ρ+ P ) θ

]

= ρ̇+ 3 (ρ+ P ) α̇+ O(ε2) = 0 , (18)

where

θ =
3α̇

N + O(ε2) . (19)
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Ai
j = O(✏)
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ds2 = − α2dt2 + gij(dxi + βidt)(dxj + β jdt)

Sometimes this can cause a problem (e.g., in USR)…

( k/aH <<1 )
canonical single field (δφ=0)

Sasaki & Tanaka (99)

Garriga, Y.U., & Vernizzi(16)

Weinberg’s adiabatic mode Weinberg’s second mode
Z

dt (· · · )⇥ (shear)
<latexit sha1_base64="QFqJ2EmM2XhJjqaFgz5hmK4Zs78="></latexit><latexit sha1_base64="QFqJ2EmM2XhJjqaFgz5hmK4Zs78="></latexit><latexit sha1_base64="QFqJ2EmM2XhJjqaFgz5hmK4Zs78="></latexit><latexit sha1_base64="QFqJ2EmM2XhJjqaFgz5hmK4Zs78="></latexit>

To have 2 independent solutions at           , shear has to be  O(✏0)
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O(✏0)
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⇣k ' C1(k) + C2(k)

Z
dt

a3"
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d

Dropping the shear can also cause an inconsistency in MC.

Tanaka & Y.U. (21)



Generalized δN formalism for PGW
t

treh (reheating)

t* (horizon crossing)

quantum

classical

At t=t*, the dice was thrown, determining how probable each IC is. 

Φ :prob=1/2 ↔︎ σ

Φ :prob=1/4 ↔︎ σ 

Φ :prob=1/4 ↔︎ σ 

t=t* t=treh

Model dependence
PDF of GW at treh from PDF of Φ at t*

σ: shear

Tanaka & Y.U. (2021,2023, 2024) 

deterministic (ODE)

IC which satisfies MC 



An application



D scalar fields φI (incl. inflaton) + D’ U(1) gauge fields Ai(α) 
couple of differences in the presence of multi species of the U(1) gauge fields, considering a
model with the Lagrangian density given by

Lmat = P(XIJ
, �

I)�
D0X

↵=1

f
2
(↵)(X

IJ
, �

I)

4
F(↵)µ⌫F

µ⌫
(↵) . (4.31)

We assume that the background gauge fields do not vanish and are not aligned with each
other.

First, the number of the WAMs for �ij differs, as discussed in Ref. [4]. For D0 � 2, since
the global rotation symmetry of the background spacetime is entirely broken, there exist

32 � 3(transverse)� 1(traceless) = 5 ,

WAMs for �ij at the linear perturbation, where the U(1) gauge conditions can be still fulfilled
both before and after the inhomogeneous shear transformation [4].

Second, the special direction of k in which the fluctuations of the matter fields do not
source the gravitational waves, addressed in Sec. 4.1, disappears. Using the symmetric part
of the Noether charge density, the shear is now generalized as

A
j
i = �Q

j sym
ip
g

�
D0X

↵=1

f
2
(↵)(X

IJ
, �

I)

M
2
pl

"
g
jl Ȧ(↵)l

N
A(↵)i

#symTL

+O(✏2) , (4.32)

Repeating the same computation, we obtain the basic formula of the g�N formalismfor �ij as

�ij(t, x) = �ij ⇤(x)�
D0X

↵=1

⇡
l
(↵)(x)⇡

m
(↵)(x)

⇥
✓
�il⇤(x)�jm⇤(x)�

1

3
�ij⇤(x)�lm⇤(x)

◆
I(↵)(t; {'a0

⇤ }0) , (4.33)

where I(↵)(t; {'a0
⇤ }0) is given by Eq. (2.35) with f(XIJ

, �
I) being replaced with f(↵)(X

IJ
, �

I).
Let us consider the wavenumber k which is parallel to to ⇡̄

i
(1). Since neither ⇡̄(↵)ie

(�)
i nor

e
(�gw)
ij ⇡̄(↵)i⇡̄(↵)j for ↵ 6= 1 vanishes, the fluctuation of the gauge fields with ↵ 6= 1 and the

scalar fields can source the GWs with k
i k ⇡̄

i
(1).

5 Computing power spectrums

5.1 Subhorizon evolution

�
ij
@i��jk(t⇤, x) = 0 (5.1)

The gauge conditions (5.1) and (2.17) determine the initial condition of A(L), �(L), and
�
(�) as

A
(L)(ti, k) = �

(L)(ti, k) = �
(�)(ti, k) = 0 (tobecorrected) (5.2)

Therefore, no additional initial condition is necessary to solve the gauge constraint (7.2), which
is a first order differential equation. Meanwhile, when we solve the momentum constraints,
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2.2 Constraints to be and not to be solved

To provide a more concrete idea about how to use the g�N formalism, in the following, let
us consider a more specific example with I = 1, ...., D neutral scalar fields and U(1) gauge
fields whose Lagrangian density is given by

Lmat = P(XIJ
, �

I)� f
2(XIJ

, �
I)

4
Fµ⌫F

µ⌫ (2.10)

where X
IJ ⌘ �@µ�I@µ�J/2 and Fµ⌫ denotes the field strength of the gauge field. Here, an

interaction of the gauge fields with the kinetic terms of the scalar fields is also allowed. In
this paper, we do not consider charged matters, because a non-zero condensate of charged
fields screens the gauge fields at large scales, generating a non-zero mass of the gauge fields
through the Higgs mechanism. As a theory of gravitation which satisfy the [sDiff] and
[locality] conditions, we consider general relativity. The key to verify the separate universe
evolution (?), enabling an application of the g�N formalism, is to solve the enhanced set of
the fields {'a} but not the physical degrees of freedom {'aphys}phys, which satisfy all the
equations and from which all the gauge degrees of freedom are removed.

In this paper, we express the (d+ 1)-dimensional line element as

ds
2 = �N

2
dt

2 + gij(dx
i +N

i
dt)(dxj +N

j
dt) , (2.11)

with i, j = 1, · · · , d. We express the spatial metric as

gij = e
2 
�ij , (2.12)

where �ij satisfies det[�] = 1. Using  , the determinant of gij is given by g = e
2d . Using

a set of the fields for which a non-local gauge condition X✏ is imposed can invalidate the
separate universe evolution (?). Avoiding this, we employ local gauge conditions as

Ni(t, x) = 0 , (2.13)

and

A0(t, x) = 0 . (2.14)

We determine the time slicing, requiring

� (t, x) = 0 , (2.15)

except at t = tf , where we choose another time slicing, requiring

�K(tf , x) = 0 , (2.16)

both of which are not X✏. We eliminate the residual gauge degrees of freedom, imposing
additional gauge conditions

@iA
i(t⇤, x) = 0 (2.17)

and the transverse condition, which will be specified later (see Eq. (3.26)). Here, ��ij is
introduced as

�ij(t, x) ⌘ �̄ik(t)
h
e
��(t,x)

ik
j , (2.18)
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+CS term
(Sub-leading at large scales)

3.3.2 Alternative expression and condition for linear polarization

As shown in Eqs. (3.35) and (3.36), in general, the two linear polarization modes of the GWs
evolve differently. In fact, this is generically the case where the backreaction of the generated
gauge fields on the scalar fields is not negligible. To show this, let us rewrite �ij , given in
Eq. (2.46), by using ⇡

i

(↵), as

�ij(t, x) = �ij⇤(x)� 2 [�il⇤(x)�jm⇤(x)]
TL
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⇤ }0) +O(✏) , (3.37)
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. (3.38)

I(↵)(t; {'a
0

⇤ }0) does not explicitly depend on the gauge field(s), while it does implicitly when
the backreaction of the gauge fields on the evolution of the scalar fields is not negligible.

Considering the linear perturbation of Eq. (3.37) and ignoring ��ij in the sourced con-
tribution, one can show that when the fluctuation of I(↵) is negligible, satisfying

�����
�I(↵)
Ī(↵)

�����⌧

�����
�⇡

i

(↵)

⇡̄(↵)

����� , (3.39)

and the two linear polarization modes of the gauge fields have the same amplitude at t = t⇤,
satisfying h(e(1)

i
�⇡

i

(↵))
2i = h(e(2)

i
�⇡

i

(↵))
2i for all ↵s, the power spectrums of �

(+)(tf , k) and
�
(⇥)(tf , k) agree. Otherwise the linear polarization can be generated through the super-

horizon evolution. The fluctuation of I(↵) consists of the fluctuations of the metric and the
fluctuations of the scalar fields. The condition (3.39) requires that both intrinsic fluctuations
of � ⌘ {�I

, ⇡I} and the fluctuations of � sourced by the gauge fields need to be negligible.
When the backreaction of the gauge fields on the scalar fields becomes important, generating
a non-negligible sourced fluctuations of �, the condition (3.39) fails to be satisfied (related
to this point, a non-trivial example will be discussed in Sec. 4.2.2). When the contribution of
�I(↵) is not negligible, the two linear polarization modes evolve differently.

Here, we expand the fluctuation of I(↵)(t; {'a
0

⇤ }0) in terms of �⇡i

(↵) and �� as

�Î(↵)f (k) = 2
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where the metric perturbations are ignored at t = t⇤. Then, Eqs. (3.35) and (3.36) can be
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3.3.2 Alternative expression and condition for linear polarization

As shown in Eqs. (3.35) and (3.36), in general, the two linear polarization modes of the GWs
evolve differently. In fact, this is generically the case where the backreaction of the generated
gauge fields on the scalar fields is not negligible. To show this, let us rewrite �ij , given in
Eq. (2.46), by using ⇡
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⇤ }0) does not explicitly depend on the gauge field(s), while it does implicitly when
the backreaction of the gauge fields on the evolution of the scalar fields is not negligible.

Considering the linear perturbation of Eq. (3.37) and ignoring ��ij in the sourced con-
tribution, one can show that when the fluctuation of I(↵) is negligible, satisfying
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Ī(↵)

�����⌧

�����
�⇡

i

(↵)

⇡̄(↵)

����� , (3.39)
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horizon evolution. The fluctuation of I(↵) consists of the fluctuations of the metric and the
fluctuations of the scalar fields. The condition (3.39) requires that both intrinsic fluctuations
of � ⌘ {�I

, ⇡I} and the fluctuations of � sourced by the gauge fields need to be negligible.
When the backreaction of the gauge fields on the scalar fields becomes important, generating
a non-negligible sourced fluctuations of �, the condition (3.39) fails to be satisfied (related
to this point, a non-trivial example will be discussed in Sec. 4.2.2). When the contribution of
�I(↵) is not negligible, the two linear polarization modes evolve differently.

Here, we expand the fluctuation of I(↵)(t; {'a
0

⇤ }0) in terms of �⇡i

(↵) and �� as

�Î(↵)f (k) = 2
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where the metric perturbations are ignored at t = t⇤. Then, Eqs. (3.35) and (3.36) can be
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πi(α): Conjugate momentum of Ai(α) 

Repeating the same argument as the one in Sec. 2.1.2 also for the U(1) gauge symmetries, we
also obtain

@t⇡
i

(↵) = O(✏) , (2.30)

where ⇡i(↵) corresponds to the Noether charge density. The same equation can be derived also
from the Maxwell equations.

Using ⇡i(↵), which remains constant at the leading order of the gradient expansion, we
express (the electric part of) the energy density of the gauge fields as

⇢A =
D

0X

↵=1

⇢A(↵) , ⇢A(↵) ⌘
D

0X

↵=1

e
�4 

2f2
(↵)

�ij⇡
i

(↵)⇡
j

(↵) +O(✏2) . (2.31)

As discussed in Refs. [26, 27] and also generalized in Ref. [19], A
i
j/K is bounded by the

slow-roll parameters. When the shear |Ai
j |/K is smaller than O(1), the time variation of

�ij remains small in the time scale of the cosmic expansion, which is also an observational
requirement. Then, when f(↵) decreases faster than e

�2 , ⇢A(↵) definitely increases.

2.4 Constraints to be and not to be solved for separate universe evolution

The Lagrangian density (2.19) and the one of general relativity obviously satisfy the [locality]
condition and the [sDiff] condition. In the model under consideration, the constraints are all
gauge constrains. There are three kinds of gauge constraints: the Hamiltonian constraint H,
the momentum constraints Hi, and the U(1) gauge constraints HU(1). Among them, Hi, and
HU(1) are G✏s, i.e., the gauge constraints which vanish in the limit ✏! 0.

The enhanced set of the fields, {'a}, consists of the remaining (inhomogeneous) fields
after imposing the gauge conditions which do not vanish in the large scale limit, i.e., X \X c

✏ .
For instance, at t = t⇤, on which � = 0, {�'a

⇤} is given by the fluctuations of

{'a} = K, �
I [D], A(↵)i[3D

0], �ij [5], ⇡I [D], ⇡i(↵)[3D
0], ⇡ij [5] , (2.32)

with

⇡I ⌘
@(N

p
gL)

@�̇I
, ⇡

ij ⌘
@(N

p
gL)

@ġij
, (2.33)

and ⇡
i

(↵) is given by Eq. (2.29). The numbers inside the subsequent square brackets in
Eq. (2.32) denote the number of degrees of freedom for respective fields. Using Eq. (2.12),
the expansion K and the lapse function N are mutually related on the time slicing � = 0.
Since the determinant of �ij is set to 1, the remaining degree of freedom of �ij is 5.

By solving the Hamiltonian constraint H, which is G \ Gc
✏ since it does not vanish in

the large scale limit, we can eliminate the expansion K. Then, {�'a
0

⇤ }0, which describes the
initial condition of the separate universe evolution, is given by the fluctuations of

{'a
0}0 = �

I [D], Ai(↵)[3D
0], �ij [5], ⇡I [D], ⇡i(↵)[3D

0], ⇡ij [5] , (2.34)

which counts 2(D+3D0+5). If we solve D
0+3 gauge constraints with ✏ suppression G✏, i.e.,

the momentum constraints and the U(1) gauge constraints and impose D0+3 (residual) gauge
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Maxwell equation

 t x (Lapse) → t

 Spatial coord.   g0i=0

Generalized δN formalism
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Applicable to fully non-linear perturbations!



Model independent properties: Order estimation

GW sourced by gauge fields becomes larger for a larger 

Namely for ΔN > O(1) 
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�N

3.3.2 Alternative expression and condition for linear polarization

As shown in Eqs. (3.35) and (3.36), in general, the two linear polarization modes of the GWs
evolve differently. In fact, this is generically the case where the backreaction of the generated
gauge fields on the scalar fields is not negligible. To show this, let us rewrite �ij , given in
Eq. (2.46), by using ⇡

i

(↵), as

�ij(t, x) = �ij⇤(x)� 2 [�il⇤(x)�jm⇤(x)]
TL

D
0X

↵=1

⇡
l

(↵)(x)⇡
m

(↵)(x) I(↵)(t; {'
a
0

⇤ }0) +O(✏) , (3.37)

where I(↵)(t; {'a
0

⇤ }0) ⌘ Î(↵)(t; {'a
0

⇤ }0)/�ij⇤⇡i

(↵)⇡
j

(↵), which is given by

I(↵)(t; {'a
0

⇤ }0) =
1

M
2
pl

Z
t

t⇤

dt
0
N

e3 (t
0)

Z
t
0

t⇤

dt
00
N(t00)

e (t
00)f2

(↵)(X
IJ(t00), �I(t00))

. (3.38)

I(↵)(t; {'a
0

⇤ }0) does not explicitly depend on the gauge field(s), while it does implicitly when
the backreaction of the gauge fields on the evolution of the scalar fields is not negligible.

Considering the linear perturbation of Eq. (3.37) and ignoring ��ij in the sourced con-
tribution, one can show that when the fluctuation of I(↵) is negligible, satisfying

�����
�I(↵)
Ī(↵)

�����⌧

�����
�⇡

i

(↵)

⇡̄(↵)

����� , (3.39)

and the two linear polarization modes of the gauge fields have the same amplitude at t = t⇤,
satisfying h(e(1)

i
�⇡

i

(↵))
2i = h(e(2)

i
�⇡

i

(↵))
2i for all ↵s, the power spectrums of �

(+)(tf , k) and
�
(⇥)(tf , k) agree. Otherwise the linear polarization can be generated through the super-

horizon evolution. The fluctuation of I(↵) consists of the fluctuations of the metric and the
fluctuations of the scalar fields. The condition (3.39) requires that both intrinsic fluctuations
of � ⌘ {�I

, ⇡I} and the fluctuations of � sourced by the gauge fields need to be negligible.
When the backreaction of the gauge fields on the scalar fields becomes important, generating
a non-negligible sourced fluctuations of �, the condition (3.39) fails to be satisfied (related
to this point, a non-trivial example will be discussed in Sec. 4.2.2). When the contribution of
�I(↵) is not negligible, the two linear polarization modes evolve differently.

Here, we expand the fluctuation of I(↵)(t; {'a
0

⇤ }0) in terms of �⇡i

(↵) and �� as

�Î(↵)f (k) = 2
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��⇤(k) , (3.40)

where the metric perturbations are ignored at t = t⇤. Then, Eqs. (3.35) and (3.36) can be
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- When ρA(alpha)/ρtot takes a large value during ΔN,  
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Model independent properties : Linear polarization 

- A large scale evolution (t* ≦ t ≦ treh) can generate the linear polarization,

3.3.2 Alternative expression and condition for linear polarization

As shown in Eqs. (3.35) and (3.36), in general, the two linear polarization modes of the GWs
evolve differently. In fact, this is generically the case where the backreaction of the generated
gauge fields on the scalar fields is not negligible. To show this, let us rewrite �ij , given in
Eq. (2.46), by using ⇡

i

(↵), as

�ij(t, x) = �ij⇤(x)� 2 [�il⇤(x)�jm⇤(x)]
TL
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where I(↵)(t; {'a
0
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I(↵)(t; {'a
0

⇤ }0) does not explicitly depend on the gauge field(s), while it does implicitly when
the backreaction of the gauge fields on the evolution of the scalar fields is not negligible.

Considering the linear perturbation of Eq. (3.37) and ignoring ��ij in the sourced con-
tribution, one can show that when the fluctuation of I(↵) is negligible, satisfying
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����� , (3.39)

and the two linear polarization modes of the gauge fields have the same amplitude at t = t⇤,
satisfying h(e(1)

i
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(↵))
2i = h(e(2)

i
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(↵))
2i for all ↵s, the power spectrums of �

(+)(tf , k) and
�
(⇥)(tf , k) agree. Otherwise the linear polarization can be generated through the super-

horizon evolution. The fluctuation of I(↵) consists of the fluctuations of the metric and the
fluctuations of the scalar fields. The condition (3.39) requires that both intrinsic fluctuations
of � ⌘ {�I

, ⇡I} and the fluctuations of � sourced by the gauge fields need to be negligible.
When the backreaction of the gauge fields on the scalar fields becomes important, generating
a non-negligible sourced fluctuations of �, the condition (3.39) fails to be satisfied (related
to this point, a non-trivial example will be discussed in Sec. 4.2.2). When the contribution of
�I(↵) is not negligible, the two linear polarization modes evolve differently.

Here, we expand the fluctuation of I(↵)(t; {'a
0

⇤ }0) in terms of �⇡i

(↵) and �� as

�Î(↵)f (k) = 2
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where the metric perturbations are ignored at t = t⇤. Then, Eqs. (3.35) and (3.36) can be
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when the backreaction of gauge fields on scalar fields φI become important.

γ+

γx Condition for γ+ and γx to have different spectrums?
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I(↵)[�I ]

increasing gauge fields start to modify the evolution of φI

<latexit sha1_base64="V4HN4xcQ4v5CLjoJzoXgk9h6r4A="></latexit>

�I = �I
intrinsic + �I

sourced[⇢A(↵)]

<latexit sha1_base64="hJsESehgR3Vtj3ghoNJsVT7MYnc="></latexit>

�I(↵) ⇠
@I(↵)
@�I

��I
intrinsic +

@I(↵)
@⇢A(↵)

�⇢A(↵)

Origin of linear polarization

See also Fujita et al. (18)



Prospects on future CMB experiments

Figure 2. The horizontal axis denotes the product of ⇢̄A,asym/⇢̄⇤ and � , i.e., the energy fraction
of the gauge field during the ⇢A :const epoch and its duration � , and the vertical axis denotes the
background energy fraction at the horizon crossing, ⇢̄A⇤/⇢̄⇤. In the left panel, the slow-roll parameter
is set to " = 10�3 and in the right panel it is set to " = 10�4. Here, D

0 = 1 and ⇤ is set to 1.
In the blue shaded region, risogt becomes larger than 10�3, which is expected to be accesible by
LiteBIRD, while being consistent with the present constraints by CMB and LSS. Since ⇢A⇤ < ⇢A,asym

and � � O(1), we have excluded the parameter region with (⇢̄A,asym/⇢̄⇤)� < ⇢̄A⇤/⇢̄⇤ from the
shaded region. Below the dashed line, gt becomes gt � 1, i.e., the power spectrum of GWs becomes
highly anisotropic. The dotted line corresponds to the case where the amplitude of �A becomes 0.1.
When the isocurvature perturbation S remains in the Universe also after the reheating, the region
below the dotted line should be explored by the constraints on the isocurvature perturbation. The
blue, green, red lines correspond to f

�,A
NL = 1, 102, 104, respectively, where Eq. (4.67) was used for an

order estimation of the tensor non-Gaussianity.

Inserting Eqs. (4.64) and (4.65) to this formula, we obtain the contribution of the gauge fields
in the squeezed bispectrum of GWs as
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where we have dropped the angular dependence. In the definition of f�,A

NL , the squeezed bis-
pectrum of GWs is divided by the vacuum power spectrum. Similarly to the power spectrum,
the bispectrum is also enhanced by ⇢̄A(↵)asym/⇢̄A(↵)⇤ � 1. Repeating a similar computation,
we find that the contribution of the gauge field to the local type non-Gaussianity of ⇣ roughly
amounts to

f
⇣,A

NL ⇠ "
2
f
�,A

NL , (4.68)

which stems from the bispectrum of k̂ik̂j��ij(tf , k). Apart from this contribution, there is
also the contribution from the fluctuation of the e-folding number, which depends on the
model.

4.4 Prospects on future GW experiments

So far, imposing the condition (4.17), we have computed the contributions of the gauge fields
in the power spectrum of ⇣, GWs, and the isocurvature perturbation and conducted the order
estimation of the bispectrum of ⇣ and GWs, which are determined by the two parameters
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Test of Cosmological Principle from PGW observations
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Figure 2. The horizontal axis denotes the product of ⇢̄A,asym/⇢̄⇤ and � , i.e., the energy fraction
of the gauge field during the ⇢A :const epoch and its duration � , and the vertical axis denotes the
background energy fraction at the horizon crossing, ⇢̄A⇤/⇢̄⇤. In the left panel, the slow-roll parameter
is set to " = 10�3 and in the right panel it is set to " = 10�4. Here, D

0 = 1 and ⇤ is set to 1.
In the blue shaded region, risogt becomes larger than 10�3, which is expected to be accesible by
LiteBIRD, while being consistent with the present constraints by CMB and LSS. Since ⇢A⇤ < ⇢A,asym

and � � O(1), we have excluded the parameter region with (⇢̄A,asym/⇢̄⇤)� < ⇢̄A⇤/⇢̄⇤ from the
shaded region. Below the dashed line, gt becomes gt � 1, i.e., the power spectrum of GWs becomes
highly anisotropic. The dotted line corresponds to the case where the amplitude of �A becomes 0.1.
When the isocurvature perturbation S remains in the Universe also after the reheating, the region
below the dotted line should be explored by the constraints on the isocurvature perturbation. The
blue, green, red lines correspond to f

�,A
NL = 1, 102, 104, respectively, where Eq. (4.67) was used for an

order estimation of the tensor non-Gaussianity.

Inserting Eqs. (4.64) and (4.65) to this formula, we obtain the contribution of the gauge fields
in the squeezed bispectrum of GWs as

f
�,A

NL ⇠
D

0X

↵=1

✓
⇢̄⇤

⇢̄A(↵)⇤

◆2
¯̂I3
(↵)f ⇠

D
0X

↵=1

✓
⇢̄A(↵)asym

⇢̄A(↵)⇤

◆2
⇢̄A(↵)asym

⇢̄⇤
� 3

(↵) , (4.67)

where we have dropped the angular dependence. In the definition of f�,A

NL , the squeezed bis-
pectrum of GWs is divided by the vacuum power spectrum. Similarly to the power spectrum,
the bispectrum is also enhanced by ⇢̄A(↵)asym/⇢̄A(↵)⇤ � 1. Repeating a similar computation,
we find that the contribution of the gauge field to the local type non-Gaussianity of ⇣ roughly
amounts to
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which stems from the bispectrum of k̂ik̂j��ij(tf , k). Apart from this contribution, there is
also the contribution from the fluctuation of the e-folding number, which depends on the
model.

4.4 Prospects on future GW experiments

So far, imposing the condition (4.17), we have computed the contributions of the gauge fields
in the power spectrum of ⇣, GWs, and the isocurvature perturbation and conducted the order
estimation of the bispectrum of ⇣ and GWs, which are determined by the two parameters
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GW detectable Pγ/Pζ  > 10-3

isocurvature

Below dotted line → O(1) statistical anisotropy in GW

inflaton+spectator+1 gauge field

efficient conversion 

more seed

Tanaka & Y.U. ( 2023, 2024) 

Simons Observatory (2024~) 
σ(r) ~ 10-3



Imprints of multi-gauge fields

For multi gauge field models, one can choose Ψ1 =0, yet In general Ψ2, Ψ3,… ≠ 0

k

e(1)

e(2)

π (background)

Ψ

<ζ γx>, <γ+ γx> ∝ sin Ψ 

For single gauge field models,  one can choose Ψ=0

<ζ γx>, <γ+ γx> ≠ 0  →   <ζ γ+> ≠ <ζ γ->

Soda, Kanno, & Watanabe (10)<ζ γx>=<γ+ γx>=0

Counterpart of isocurvature for light scale fields

Tanaka & Y.U. ( 2023, 2024) 



Outline

Tanaka & Y.U.( 2021, 2023, 2024)

1) Generalization of separate universe and delta N

- Clarification of their validity From gradient expansion

density perturbation ζ
entropy perturbation ζα - ζβ

PMF, Vector DM,….  

s=0

s=1

s=2GWs, …

s=0

s=1

s=2

scalar fields (inflaton,…)

U(1)/SU(N) gauge fields,…

✔︎
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- From arbitrary (integer) spins to arbitrary spins

2) Going beyond gradient expansion
Scalar fields system where impacts of subhorizon modes can be potentially 
important. (USR model)

Incl. initial NG,…

w/ Saha, Tada (in prep)
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(a) z = 0.0 (b) z = 1.0

FIG. 8. As Fig. 5, but showing the fractional change to the halo mass function at z = 0 (left) and z = 1 (right). Matching
theoretical expectations, an increase (decrease) in the chance of large primordial fluctuations, such as that provided by enhanced
(suppressed) tail models, leads to an enhancement (reduction) in the number of massive objects. The size of this enhancement is
larger at higher redshift.

(a) Mhalo > 3.2⇥ 1013h�1M�, z = 0 (b) Mass and redshift evolution

FIG. 9. As Fig. 5 but showing the e↵ect of tails on the halo power spectrum monopole for both a fiducial mass sample (left) and
for a range of masses and redshifts (right). All the tails models considered here produce large scale-dependent bias features. This
is an interesting result as scale-dependent bias is often considered a “smoking-gun” of multi-field inflationary models, but tail
non-Gaussianity can arise in many single-field models. Notably, the level of scale-dependent bias is larger than for the reference
gNL case, despite the fact that they have the same (primordial) squeezed-limit trispectra. This implies that higher-order squeezed
N -point functions contribute to the scale-dependent bias e↵ect. The mass and redshift evolution of this e↵ect would provide one
means of di↵erentiating the e↵ect from observational systematics.

also the primordial potential. The latter dependence can
be expressed in terms of the matter overdensity and a
transfer function that has a 1/k2 large scale limit. The
same e↵ect arises also in gNL-cosmologies; despite the fact
that the gNL simulations used were chosen to have the
same squeezed limit as the tails models (and thus the
same trispectrum-induced contribution to scale-dependent

bias), we find a large scale-dependent bias e↵ect in the
tail models. This can arises due to contributions from
higher-order squeezed primordial N -point functions, i.e.
higher values of n in the summation in Eq. (19).
We see very similar features for the two enhanced tail

models. The level of non-Gaussianity from the two mod-
els was chosen to be approximately similar so it is ex-

2

model can reproduce features of commonly considered
non-perturbative PNG models, for example, exponential
tails. Notably, we assume a symmetric model, which
identically modifies positive and negative tails, and thus
cannot generate N -point functions with odd N . Further-
more, the model is constructed such that the bulk of the
PDF remains Gaussian, which is required to reproduce
CMB and LSS observations.

The remainder of this paper is structured as follows: in
Section II we consider the construction of non-Gaussian
primordial perturbations and discuss the key properties
of our model. In Section III we describe how to gener-
ate realizations of the CMB and LSS from non-Gaussian
initial conditions, before presenting the impacts of tail
non-Gaussianity on CMB and LSS observables in Sec-
tion IV&Section V. We present our conclusions in Sec-
tion VI.

II. INITIAL CONDITIONS

Theories of the early Universe provide predictions for the
statistics of the primordial potential, �(x). Whilst there
are many models that predict exponentially enhanced
tails, the specific form of the primordial potential PDF
depends strongly on the detailed microphysics. That said,
some features are fairly generic; for example, many models
exhibit tails that scale as exp[�C�N ] for some N > 0.
Thusly, we here consider the following phenomenological
model for the real-space primordial PDF:

�(x) ⇠

(
A exp{�C�N

} if |�| > ↵�,

B exp{� �2

2�2 } if |�|  ↵�.
(1)

Near the center of the distribution � follows a Gaussian
PDF with a variance �2, which enforces consistency with
observations (that usually do not probe the distribution
tails). The tails are modified such that, beyond ↵�, they
exhibit a new power-law scaling with exponent N . The
constants A, B and C normalize the distribution, with
A and C set by assuming the PDF and its derivative to
be continuous at the switch point. For N < 2 the tails
of the distribution are enhanced relative to a Gaussian,
whilst for N > 2 they are suppressed. As discussed in
Section IIA, we enforce that di↵erent locations, x and x0,
are spatially correlated so that the power spectrum of the
primordial potential matches observations.

We consider three di↵erent models in this work:

• N = 1.0 and ↵ = 2.5. This model has tails ⇠

exp{�C�}, which are a feature of many models
[e.g., 21, 22, 33, 41, 42].

• N = 1.5 and ↵ = 2. This type of tail non-
Gaussianity is seen in [43].

• N = 2.5 and ↵ = 2. Unlike the previous models,
this model has suppressed tails compared with a
Gaussian. Whilst suppressed tails are less common

FIG. 1. Histograms of a realization of the primordial potential
for Gaussian initial conditions (blue), canonical local fNL

and gNL non-Gaussianity (green and red), and one of the
enhanced tail models considered in this work (orange), here
with N = 1. This illustrates the qualitative di↵erence between
the di↵erent types of non-Gaussianity; even though our model
closely matches that of gNL at small �, we find significant
deviations in the tails.

than thicker tails, they can be produced by a range
of mechanisms [e.g. 20, 44] and represent an inter-
esting phenomenological case to explore.

We refer to each model by the value of N . The value
of ↵ was chosen to generate approximately similar levels
of non-Gaussianity in each model, as measured via the
distribution’s kurtosis. As discussed in Section IV, the
above PDFs are already ruled out via CMB trispectrum
constraints; however, we adopt these levels to allow clear
exploration of observable signatures without the need
for enormous and computationally expensive suites of
simulations.

Finally, our model for the primordial tails is symmetric,
thus equally impacting positive and negative tails, with
a vanishing skewness (as discussed above). Whilst many
models predict asymmetric tails, choosing a symmetric
distribution allows us to separate e↵ects caused by the
tails from e↵ects induced by the skewness (for example
from the local fNL parametrization). As such, the lead-
ing order impact of the tails will be on the primordial
trispectrum, with contributions also expected in all higher
N -point functions with even N .

A. Generation Methodology

We require our initial conditions to have two properties:
(1) the one-point PDF should be given by Eq. (1); (2) the
simulations should have a power spectrum that matches
observations, i.e.P�(k) / kns�4 where ns is the spectral
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FIG. 8. As Fig. 5, but showing the fractional change to the halo mass function at z = 0 (left) and z = 1 (right). Matching
theoretical expectations, an increase (decrease) in the chance of large primordial fluctuations, such as that provided by enhanced
(suppressed) tail models, leads to an enhancement (reduction) in the number of massive objects. The size of this enhancement is
larger at higher redshift.

(a) Mhalo > 3.2⇥ 1013h�1M�, z = 0 (b) Mass and redshift evolution

FIG. 9. As Fig. 5 but showing the e↵ect of tails on the halo power spectrum monopole for both a fiducial mass sample (left) and
for a range of masses and redshifts (right). All the tails models considered here produce large scale-dependent bias features. This
is an interesting result as scale-dependent bias is often considered a “smoking-gun” of multi-field inflationary models, but tail
non-Gaussianity can arise in many single-field models. Notably, the level of scale-dependent bias is larger than for the reference
gNL case, despite the fact that they have the same (primordial) squeezed-limit trispectra. This implies that higher-order squeezed
N -point functions contribute to the scale-dependent bias e↵ect. The mass and redshift evolution of this e↵ect would provide one
means of di↵erentiating the e↵ect from observational systematics.

also the primordial potential. The latter dependence can
be expressed in terms of the matter overdensity and a
transfer function that has a 1/k2 large scale limit. The
same e↵ect arises also in gNL-cosmologies; despite the fact
that the gNL simulations used were chosen to have the
same squeezed limit as the tails models (and thus the
same trispectrum-induced contribution to scale-dependent

bias), we find a large scale-dependent bias e↵ect in the
tail models. This can arises due to contributions from
higher-order squeezed primordial N -point functions, i.e.
higher values of n in the summation in Eq. (19).
We see very similar features for the two enhanced tail

models. The level of non-Gaussianity from the two mod-
els was chosen to be approximately similar so it is ex-

Coulton, Philcox, Villaescus-Navarro (24)

… and scale dependent bias, cold/hot spots in CMB, and so on
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within the quijote suite. Many estimators of summary
statistics required gridded fields; to compute these, we
use the Cloud-in-Cell [57] grid assignment scheme, decon-
volving the window function from our power spectrum
and bispectrum measurements [58].

We generate 100 simulations for each of the three tailed
models: N = 1, N = 1.5, and N = 2.5. As seen in Fig. 2,
these models produce an non-trivial primordial trispec-
trum. To elucidate which e↵ects arise from the primordial
trispectrum and which e↵ects are unique to the tails, we
also simulate 100 simulations with gNL = 1.64⇥106. This
is chosen since (a) gNL is a commonly-adopted model of
primordial non-Gaussianity that produces squeezed fea-
tures similar to those of our tails models; (b) the value of
gNL approximately matches the squeezed limit of the tails
models (whose importance is discussed in Section VB).

IV. IMPACT ON THE COSMIC MICROWAVE
BACKGROUND

First, we assess the impact of tail non-Gaussianity on the
CMB. The goal of this investigation is both to understand
the phenomenology of tails, and to understand whether
they are already highly constrained by observations of
CMB non-Gaussianity. For this purpose, we focus on a
single model: N = 1 and ↵ = 2.5.

In Fig. 3, we show how the noiseless CMB responds to
injected tails in the primordial PDF. As our phenomeno-
logical model does not change the bulk of the distribution
(only rare events with |�| > ↵�), many parts of the
CMB map are unaltered; however, some localized fea-
tures emerge, primarily near hot and cold spots. If one
increases the value of ↵ such e↵ects become rarer, as
expected.

Given the large changes to the primordial PDF with tail
non-Gaussianity, one may expect to see large changes in
the CMB PDF. As seen in Fig. 4, this is not the case. This
arises as the CMB is an integrated quantity and combines
modes across the surface of last scattering, cf. Eq. (5),
which washes out the signals visible in the 3D potential
PDF.

Despite the limited visibility in the one-point function,
the tailed cosmology in question can be well-constrained
from higher-order non-Gaussianity. As shown in Sec-
tion IIC, the enhanced tail non-Gaussianity produces a
trispectrum with a squeezed limit similar to the cubic
local trispectrum, parametrized by gNL. The Planck satel-
lite constrained gNL = �5.8±6.5⇥104 [59], whilst for the
parameters considered here, we obtain a non-Gaussianity
parameter ĝNL = 1.1⇥ 106 (see the discussion below), us-
ing the methods described in [60, 61], adapted to perform
a template analysis. As such, the models considered here
are already ruled out at the ⇠ 20� level. As discussed in
Section II, we choose these levels such that the impact
of enhanced tail non-Gaussianity is visible in LSS with a
reasonable number of N -body simulations. This is similar
to investigations of other types of non-Gaussianity, e.g.,

(a) Gaussian, noiseless CMB realization

(b) �T from tail non-Gaussianity with N = 1 and ↵ = 2.5

(c) �T from tail non-Gaussianity with N = 1 and ↵ = 3.5

FIG. 3. Modifications to the CMB temperature maps induced
by primordial tails, as parametrized by Eq. (1) with two
values of ↵. Here, the tail scales as p(�) ⇠ e�C�, for |�| > ↵�,
following a Gaussian distribution in the central region. We
clearly observe localized structures in the CMB map, which
will not be captured by low-order correlation functions. The
first set of parameters, N = 1 and ↵ = 2.5, correspond to the
models analysed in detail here. As discussed in the text, this
model is not compatible with CMB trispectrum constraints.
The second set, N = 1 and ↵ = 3.5, show the impacts on the
CMB of a weaker tails model that is not ruled out by past
CMB non-Gaussianity measurements.

… yet                            (PLANCK18), so excluded 20σ



Diffusion effect

 log(1/k) 

 loga

 (aH)-1

 aend  aeq

 kCMB
 kCMB: Scale of interest, e.g., CMB scale

 Determines the GE parameter

IC of δN

 Via the influence of later comers, the (superH) evolution becomes stochastic. 

  Not captured at the leading order of GE. 

- Non-linear interactions (e.g., around the transition)
- Stochastic inflation from increasing superH modes

For early stage work, see Y. Tanaka & Sasaki.(2006)



Stochastic approach
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�̇IR =
1

a3
⇡IR + ⇠�
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⇠�, ⇠⇡ follows the Gaussian statistics determined by subH modes (k> σaH )

Langevin eq. Fokker - Planck eq.

x → (φ, π) 

DiffusionDrift



Application of Lattice to USR

- Diffusion is assumed to follow Gaussian statistics at horizon crossing.

Lattice to provide IC of δN 

Lattice to solve Fokker-Planck eq

- Lattice does not directly solving δN. 

Caravano et al. (21, 22, 24)

Caravano, Fraciolini, Renaux-Petel(24, 25)

- Dynamics of matter fields (φ, Aμ ) are fully non-perturbative.

- No metric perturbation

- Lattice directly solves δN. 

Mizuguchi, Murata, Tada(24)

→ Good for intuitive understanding likewise δN formalism

- No metric perturbation

→ Easy to capture the effects of beyond GE (eg diffusion) in δN 



Lattice-based δN beyond gradient expansion 

Pankaj Saha (KEK, PD) Yuichiro Tada (Rikkyo U,)

with

(LattEfold)



Diffusion effect

 log(1/k) 

 loga aend  aeq

 kCMB

 kCMB: Scale of interest, e.g., CMB scale
 Determines the GE parameter

 a* aini

 Computation domain

Deviation from SR

<latexit sha1_base64="bamnbv36EEqSa4eDaoyjpe+WglQ=">AAACAnicbZDLSsNAFIYnXmu9RV2Jm8EiuCqJSHUjFN10JRXsBdpQJpNJO3QyCTMnQgnFja/ixoUibn0Kd76N0zYLbf1h4OM/53Dm/H4iuAbH+baWlldW19YLG8XNre2dXXtvv6njVFHWoLGIVdsnmgkuWQM4CNZOFCORL1jLH95M6q0HpjSP5T2MEuZFpC95yCkBY/XswwBnXZ8ofDvGVznWxjgA3LNLTtmZCi+Cm0MJ5ar37K9uENM0YhKoIFp3XCcBLyMKOBVsXOymmiWEDkmfdQxKEjHtZdMTxvjEOAEOY2WeBDx1f09kJNJ6FPmmMyIw0PO1iflfrZNCeOllXCYpMElni8JUYIjxJA8ccMUoiJEBQhU3f8V0QBShYFIrmhDc+ZMXoXlWdivlyt15qXqdx1FAR+gYnSIXXaAqqqE6aiCKHtEzekVv1pP1Yr1bH7PWJSufOUB/ZH3+AKjslbE=</latexit>

dN̄ = H̄dt Bar: background 

* Initial time is set during SR where initial Gaussian approx. holds well. 
* Lattice is a classical simulation, so only tree level effects are included.

Saha, Tada, Y.U. (in prep)



Uniform density slicing in lattice

x, y, z
0

(comoving)
L
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N̄ =

Z
H̄dt
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N̄

….

(n/N)xL

• 	ζf = δN̄f = N̄f[x] − ⟨N̄f[x]⟩

ρf: given → Final time 

• 	
d

dN̄
N(N̄, x) =

H(x, N̄ )
H̄

⟹ ζf = N(N̄f (x), x) − ⟨N(N̄f (x), x)⟩

Determines 
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N̄f (x)

Solve N and ρ simultaneously.

Saha, Tada, Y.U. (in prep)

1/(aiHi)
N=128

Metric perturbation is only partly included. (Shear ignored.)



EOMs 

- (3+1)d Simulation of KG equation in perturbed flat FLRW w/N(t, x) = ln a(t, x)

Note: Metric perturbation is not consistently taken into account.

dϕ
dN̄

= πϕ /H̄

dπϕ

dN̄
= − 3

H
H̄

πϕ +
∇2ϕ
H̄e2N

−
Vϕ

H̄

H2(t, x) =
1

3M2
p (

π2
ϕ

2
+

(∇ϕ)2

2e2N
+ V(ϕ))

- Synchronous gauge, ignoring shear (or  TL). gij
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H̄(t) = hH(t, x)i

• 	ζf = δN̄f = N̄f[x] − ⟨N̄f[x]⟩

- δN gauge with                         ignoring lapse and shear.              
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N(t, x) = N̄(t)

• 	
d

dN̄
N(N̄, x) =

H(x, N̄ )
H̄

⟹ ζf = N(N̄f(x), x) − ⟨N(N̄f(x), x)⟩
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Results: m2φ2 potential

101 102

k/m

10°10

10°9

10°8

¢
≥

≥flat = °H±¡/¡̇

±N = N̄ |Ω(x)=Ωc
° hN̄ |Ω(x)=Ωc

i
Solving ±N : dN [x]/dN̄ = H(x, N)/Hb

°4 °2 0 2 4
≥ £10°4

10°6

10°5

10°4

10°3

10°2

P
(≥

)

≥ = ±N

≥ = °H
¡̇
±¡

Saha, Tada, Y.U. (in prep)

Hini ∼ 6m, L ∼ 3/(ainiHini)



Results: Strobinsky linear potential

V(ϕ) = {
V0 + A+(ϕ − ϕ0) for ϕ > ϕ0

V0 + A−(ϕ − ϕ0) for ϕ ≤ ϕ0
(A+ > A−)

Starobinsky (92)
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For analytic formula, see Pi & Wang (23)

A− = A+ /1700, H0 = V0 /(3M2
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Results: Strobinsky linear potential w/2 steps
Passaglia, Hu, & Motohashi (18),…..,  Pi & Sasaki  (22),….

1.
v2 = v1/⇤1

Trapped potential [6]

Figure 1: 1-pt PDF.
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Figure 2: The second slow-roll parameter and the fNL from comoving curvature perturbation
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fNL = 5/2 [7].
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Summary : 2 generalizations

2) Going beyond gradient expansion  (k/aH ≦1)

1) Going beyond scalar systems 

Tanaka & Y.U.( 2021, 2023, 2024)

density perturbation ζ
entropy perturbation ζα - ζβ

PMF, Vector DM,….  

s=0

s=1

s=2GWs, …

s=0

s=1

s=2

scalar fields (inflaton,…)

U(1)/SU(N) gauge fields,…

✔︎

✔︎

✔︎

✔︎

- From arbitrary (integer) spins to arbitrary spins

Beyond gradient expansion, Incl. initial NG,… w/ Saha, Tada (in prep)

(Metric perturbation is not yet fully included.)



Supplement



Results for upward-turn potential

Figure 3: Left: Potential in rescaled units Right: Reconstructed Potential from simulation
data.

Figure 4: Left: Lattice-averaged solution h�i; Middle: ✏H ; Right: ⌘H .
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Upward step

Results for upward-turn potential

Figure 3: Left: Potential in rescaled units Right: Reconstructed Potential from simulation
data.

Figure 4: Left: Lattice-averaged solution h�i; Middle: ✏H ; Right: ⌘H .
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Current test of isotropy

Planck Collaboration: Constraints on Inflation

The modifications we use to deal with realistic skies are
described in detail in Planck Collaboration XVI (2016) and
Contreras et al. (2017).

To decide whether the polarization data support the modula-
tion model or not, we consider the quantity Ô j0, which is the ra-
tio of the maximum likelihood for modulation model j to that of
⇤CDM (Contreras et al. 2017). In Fig. 47 we plot for the three
adiabatic models histograms of Ô j0 calculated for 300 statisti-
cally isotropic polarization simulations (sharing the required T E
correlation with the real T data) added to the Planck temperature
data (red outlines). This indicates our expectation for Ô j0 for the
scenario that the temperature asymmetry is due to a statistical
fluctuation and not to a physical modulation. We also plot in
Fig. 47 histograms for 300 polarization simulations modulated
with the best-fit parameters from the Planck temperature data
(black outlines), to represent the scenario that the asymmetry is
due to a physical modulation. In both cases the polarization sim-
ulations contain realistic levels of noise for Planck. By compar-
ing the isotropic and modulated histograms, we can see that the
quantity Ô j0 can serve to distinguish the two scenarios, but only
relatively weakly for Planck noise (Contreras et al. 2017). The
blue lines indicate the values using the actual SMICA polarization
data (the results for the other component-separation methods are
similar). We see that for these models the data do not help to
decide whether we have a physical modulation or not, with p-
values of 43 %, 30 %, and 57 % for the power-law, tanh, and ns
gradient models, respectively, relative to the isotropic simula-
tions.

10.2. Quadrupolar asymmetry

We will next explore models that predict a quadrupolar direc-
tion dependence in the primordial power spectrum. In PCI15
we found no evidence for such a modulation, but several in-
flationary models have been constructed which predict this ef-
fect. Therefore it is important to extend those results with the
improved polarization data. We now attempt to reduce the ef-
fect of unresolved point sources using the bias-hardened estima-
tor approach of Planck Collaboration XV (2016). In PCI15 we
pointed out that some models of quadrupolar asymmetry predict
a modification to the angular power spectra as well. Here we will
account for such modifications in our analysis, increasing the
constraining power of temperature data, in particular for tilted
models with non-scale-invariant modulation spectral index.

We assume a modulation of the primordial comoving curva-
ture power spectrum of the form

PR(k) = P0
R

(k)

1 + g(k)

⇣
k̂ · d̂
⌘2�
, (113)

which can be rewritten as

PR(k) = P0
R

(k)
2
6666641 +

1
3

g(k) +
X

m

g2m(k) Y2m(k̂)
3
777775 . (114)

Here
g2m(k) ⌘

8⇡
15

g(k) Y⇤2m(d̂), (115)

with g2m(k) satisfying g2,�m(k) = (�1)m g⇤2m(k). We parameter-
ize the scale dependence of the modulation as g(k) = g⇤(k/k⇤)q,
with pivot scale k⇤ = 0.05 Mpc�1. For q , 0, in addition to pro-
ducing a quadrupolar modulation of the anisotropies, this model
a↵ects the CMB isotropic power spectra via the term g(k)/3
in Eq. (114). We therefore consider a joint constraint with the

isotropic power spectra likelihood to improve constraints over
the modulation alone.

As in PCI15, we obtain constraints on the modulation param-
eters by forming quadratic maximum-likelihood estimates, ĝ2m,
for the data and simulations. For this we use the component-
separated data and 300 simulations provided by NILC, SEVEM,
SMICA, and COMMANDER. For brevity we only show the SMICA
results. We can then compute a covariance G and likelihood as

L / |G|�1/2 exp
"
�

1
2

MTG�1M
#
,

where
M ⌘ ĝ2m � g2m(g⇤, d̂). (116)

We then evaluate the marginalized (over the angles) posterior for
g⇤. For the isotropic constraints we simply include the modula-
tion parameters in a CosmoMC run using Planck TT,TE,EE+lowE
data, and then evaluate the marginalized (over all other ⇤CDM
parameters) posterior for g⇤.

For q > 0 the e↵ect of g⇤ on the isotropic spectra occurs
mainly at high `, and is highly degenerate with ns. This degen-
eracy leads to slightly less stringent constraints than what one
would achieve with a fixed ns. We show the marginalized poste-
riors for this case in the top panels of Fig. 48, where we see that
the isotropic constraints are roughly comparable in strength to
(and fully consistent with) the constraints from the asymmetry
data.

For q < 0 the isotropic constraints are much more constrain-
ing than the modulation constraints, as seen in the bottom panels
of Fig. 48. This is because for large scales the factor k⇤/k can
become large and a negative g⇤ will decrease isotropic power
on those scales, which is compensated for by increasing As and
⌧. Strongly negative g⇤ values are disallowed by predicting un-
physical negative power spectra at low `. Note that even the pa-
rameter ranges in which the power spectra are reduced to close
to zero are likely beyond the perturbative regime for the mod-
els in question, and so should be approached with caution. The
isotropic constraints still prefer a slightly negative g⇤, likely due
to being able to fit the power deficit at large scales. The joint
constraint in this case is then greatly improved by the isotropic
data.

Minimum-�2 and p values (relative to isotropic simulations)
for g⇤ are presented in Table 16. The addition of polarization
does not a↵ect the temperature results greatly.

Finally, when allowing the completely general form of
quadrupolar modulation, i.e.,

PR(k) = P0
R

(k)
2
6666641 +
X

m

g2m (k/k⇤)q Y2m(k̂)
3
777775 , (117)

with no restriction on the g2m, we present results for the quantity
g2 ⌘

pP
m |g2m|2/5 in Table 17. In all cases there is no signifi-

cant detection of quadrupolar modulation, as quantified by the p
values.
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for test of homogeneity, see analyses in LTB model, e.g., Alnes &Amarzguioui (06), Kolb&Lamb(09), Saito, Ishibashi, & Kodama(10),…   

Global isotropy in the spectrum of the primordial density perturbation 

- Non-trivial (l, m) dependence 
Imprints on CMB

-                     enen w/o PGWs.
CXY

l,l0;m ! Cl�ll0
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X, Y = δT/T, E, B

Soda, Kanno, & Watanabe (10)

for g=0 
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Upper bounds on g*=g(k*) ~ 10-2

WMAP13 Kim & Komatsu (10)

PLANCK18

Planck Collaboration: Constraints on Inflation

The modifications we use to deal with realistic skies are
described in detail in Planck Collaboration XVI (2016) and
Contreras et al. (2017).

To decide whether the polarization data support the modula-
tion model or not, we consider the quantity Ô j0, which is the ra-
tio of the maximum likelihood for modulation model j to that of
⇤CDM (Contreras et al. 2017). In Fig. 47 we plot for the three
adiabatic models histograms of Ô j0 calculated for 300 statisti-
cally isotropic polarization simulations (sharing the required T E
correlation with the real T data) added to the Planck temperature
data (red outlines). This indicates our expectation for Ô j0 for the
scenario that the temperature asymmetry is due to a statistical
fluctuation and not to a physical modulation. We also plot in
Fig. 47 histograms for 300 polarization simulations modulated
with the best-fit parameters from the Planck temperature data
(black outlines), to represent the scenario that the asymmetry is
due to a physical modulation. In both cases the polarization sim-
ulations contain realistic levels of noise for Planck. By compar-
ing the isotropic and modulated histograms, we can see that the
quantity Ô j0 can serve to distinguish the two scenarios, but only
relatively weakly for Planck noise (Contreras et al. 2017). The
blue lines indicate the values using the actual SMICA polarization
data (the results for the other component-separation methods are
similar). We see that for these models the data do not help to
decide whether we have a physical modulation or not, with p-
values of 43 %, 30 %, and 57 % for the power-law, tanh, and ns
gradient models, respectively, relative to the isotropic simula-
tions.

10.2. Quadrupolar asymmetry

We will next explore models that predict a quadrupolar direc-
tion dependence in the primordial power spectrum. In PCI15
we found no evidence for such a modulation, but several in-
flationary models have been constructed which predict this ef-
fect. Therefore it is important to extend those results with the
improved polarization data. We now attempt to reduce the ef-
fect of unresolved point sources using the bias-hardened estima-
tor approach of Planck Collaboration XV (2016). In PCI15 we
pointed out that some models of quadrupolar asymmetry predict
a modification to the angular power spectra as well. Here we will
account for such modifications in our analysis, increasing the
constraining power of temperature data, in particular for tilted
models with non-scale-invariant modulation spectral index.

We assume a modulation of the primordial comoving curva-
ture power spectrum of the form

PR(k) = P0
R

(k)

1 + g(k)

⇣
k̂ · d̂
⌘2�
, (113)

which can be rewritten as

PR(k) = P0
R

(k)
2
6666641 +

1
3

g(k) +
X

m

g2m(k) Y2m(k̂)
3
777775 . (114)

Here
g2m(k) ⌘

8⇡
15

g(k) Y⇤2m(d̂), (115)

with g2m(k) satisfying g2,�m(k) = (�1)m g⇤2m(k). We parameter-
ize the scale dependence of the modulation as g(k) = g⇤(k/k⇤)q,
with pivot scale k⇤ = 0.05 Mpc�1. For q , 0, in addition to pro-
ducing a quadrupolar modulation of the anisotropies, this model
a↵ects the CMB isotropic power spectra via the term g(k)/3
in Eq. (114). We therefore consider a joint constraint with the

isotropic power spectra likelihood to improve constraints over
the modulation alone.

As in PCI15, we obtain constraints on the modulation param-
eters by forming quadratic maximum-likelihood estimates, ĝ2m,
for the data and simulations. For this we use the component-
separated data and 300 simulations provided by NILC, SEVEM,
SMICA, and COMMANDER. For brevity we only show the SMICA
results. We can then compute a covariance G and likelihood as

L / |G|�1/2 exp
"
�

1
2

MTG�1M
#
,

where
M ⌘ ĝ2m � g2m(g⇤, d̂). (116)

We then evaluate the marginalized (over the angles) posterior for
g⇤. For the isotropic constraints we simply include the modula-
tion parameters in a CosmoMC run using Planck TT,TE,EE+lowE
data, and then evaluate the marginalized (over all other ⇤CDM
parameters) posterior for g⇤.

For q > 0 the e↵ect of g⇤ on the isotropic spectra occurs
mainly at high `, and is highly degenerate with ns. This degen-
eracy leads to slightly less stringent constraints than what one
would achieve with a fixed ns. We show the marginalized poste-
riors for this case in the top panels of Fig. 48, where we see that
the isotropic constraints are roughly comparable in strength to
(and fully consistent with) the constraints from the asymmetry
data.

For q < 0 the isotropic constraints are much more constrain-
ing than the modulation constraints, as seen in the bottom panels
of Fig. 48. This is because for large scales the factor k⇤/k can
become large and a negative g⇤ will decrease isotropic power
on those scales, which is compensated for by increasing As and
⌧. Strongly negative g⇤ values are disallowed by predicting un-
physical negative power spectra at low `. Note that even the pa-
rameter ranges in which the power spectra are reduced to close
to zero are likely beyond the perturbative regime for the mod-
els in question, and so should be approached with caution. The
isotropic constraints still prefer a slightly negative g⇤, likely due
to being able to fit the power deficit at large scales. The joint
constraint in this case is then greatly improved by the isotropic
data.

Minimum-�2 and p values (relative to isotropic simulations)
for g⇤ are presented in Table 16. The addition of polarization
does not a↵ect the temperature results greatly.

Finally, when allowing the completely general form of
quadrupolar modulation, i.e.,

PR(k) = P0
R

(k)
2
6666641 +
X

m

g2m (k/k⇤)q Y2m(k̂)
3
777775 , (117)

with no restriction on the g2m, we present results for the quantity
g2 ⌘

pP
m |g2m|2/5 in Table 17. In all cases there is no signifi-

cant detection of quadrupolar modulation, as quantified by the p
values.
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Planck Collaboration: Constraints on Inflation

The modifications we use to deal with realistic skies are
described in detail in Planck Collaboration XVI (2016) and
Contreras et al. (2017).

To decide whether the polarization data support the modula-
tion model or not, we consider the quantity Ô j0, which is the ra-
tio of the maximum likelihood for modulation model j to that of
⇤CDM (Contreras et al. 2017). In Fig. 47 we plot for the three
adiabatic models histograms of Ô j0 calculated for 300 statisti-
cally isotropic polarization simulations (sharing the required T E
correlation with the real T data) added to the Planck temperature
data (red outlines). This indicates our expectation for Ô j0 for the
scenario that the temperature asymmetry is due to a statistical
fluctuation and not to a physical modulation. We also plot in
Fig. 47 histograms for 300 polarization simulations modulated
with the best-fit parameters from the Planck temperature data
(black outlines), to represent the scenario that the asymmetry is
due to a physical modulation. In both cases the polarization sim-
ulations contain realistic levels of noise for Planck. By compar-
ing the isotropic and modulated histograms, we can see that the
quantity Ô j0 can serve to distinguish the two scenarios, but only
relatively weakly for Planck noise (Contreras et al. 2017). The
blue lines indicate the values using the actual SMICA polarization
data (the results for the other component-separation methods are
similar). We see that for these models the data do not help to
decide whether we have a physical modulation or not, with p-
values of 43 %, 30 %, and 57 % for the power-law, tanh, and ns
gradient models, respectively, relative to the isotropic simula-
tions.

10.2. Quadrupolar asymmetry

We will next explore models that predict a quadrupolar direc-
tion dependence in the primordial power spectrum. In PCI15
we found no evidence for such a modulation, but several in-
flationary models have been constructed which predict this ef-
fect. Therefore it is important to extend those results with the
improved polarization data. We now attempt to reduce the ef-
fect of unresolved point sources using the bias-hardened estima-
tor approach of Planck Collaboration XV (2016). In PCI15 we
pointed out that some models of quadrupolar asymmetry predict
a modification to the angular power spectra as well. Here we will
account for such modifications in our analysis, increasing the
constraining power of temperature data, in particular for tilted
models with non-scale-invariant modulation spectral index.

We assume a modulation of the primordial comoving curva-
ture power spectrum of the form

PR(k) = P0
R

(k)

1 + g(k)

⇣
k̂ · d̂
⌘2�
, (113)

which can be rewritten as

PR(k) = P0
R

(k)
2
6666641 +

1
3

g(k) +
X

m

g2m(k) Y2m(k̂)
3
777775 . (114)

Here
g2m(k) ⌘

8⇡
15

g(k) Y⇤2m(d̂), (115)

with g2m(k) satisfying g2,�m(k) = (�1)m g⇤2m(k). We parameter-
ize the scale dependence of the modulation as g(k) = g⇤(k/k⇤)q,
with pivot scale k⇤ = 0.05 Mpc�1. For q , 0, in addition to pro-
ducing a quadrupolar modulation of the anisotropies, this model
a↵ects the CMB isotropic power spectra via the term g(k)/3
in Eq. (114). We therefore consider a joint constraint with the

isotropic power spectra likelihood to improve constraints over
the modulation alone.

As in PCI15, we obtain constraints on the modulation param-
eters by forming quadratic maximum-likelihood estimates, ĝ2m,
for the data and simulations. For this we use the component-
separated data and 300 simulations provided by NILC, SEVEM,
SMICA, and COMMANDER. For brevity we only show the SMICA
results. We can then compute a covariance G and likelihood as

L / |G|�1/2 exp
"
�

1
2

MTG�1M
#
,

where
M ⌘ ĝ2m � g2m(g⇤, d̂). (116)

We then evaluate the marginalized (over the angles) posterior for
g⇤. For the isotropic constraints we simply include the modula-
tion parameters in a CosmoMC run using Planck TT,TE,EE+lowE
data, and then evaluate the marginalized (over all other ⇤CDM
parameters) posterior for g⇤.

For q > 0 the e↵ect of g⇤ on the isotropic spectra occurs
mainly at high `, and is highly degenerate with ns. This degen-
eracy leads to slightly less stringent constraints than what one
would achieve with a fixed ns. We show the marginalized poste-
riors for this case in the top panels of Fig. 48, where we see that
the isotropic constraints are roughly comparable in strength to
(and fully consistent with) the constraints from the asymmetry
data.

For q < 0 the isotropic constraints are much more constrain-
ing than the modulation constraints, as seen in the bottom panels
of Fig. 48. This is because for large scales the factor k⇤/k can
become large and a negative g⇤ will decrease isotropic power
on those scales, which is compensated for by increasing As and
⌧. Strongly negative g⇤ values are disallowed by predicting un-
physical negative power spectra at low `. Note that even the pa-
rameter ranges in which the power spectra are reduced to close
to zero are likely beyond the perturbative regime for the mod-
els in question, and so should be approached with caution. The
isotropic constraints still prefer a slightly negative g⇤, likely due
to being able to fit the power deficit at large scales. The joint
constraint in this case is then greatly improved by the isotropic
data.

Minimum-�2 and p values (relative to isotropic simulations)
for g⇤ are presented in Table 16. The addition of polarization
does not a↵ect the temperature results greatly.

Finally, when allowing the completely general form of
quadrupolar modulation, i.e.,

PR(k) = P0
R

(k)
2
6666641 +
X

m

g2m (k/k⇤)q Y2m(k̂)
3
777775 , (117)

with no restriction on the g2m, we present results for the quantity
g2 ⌘

pP
m |g2m|2/5 in Table 17. In all cases there is no signifi-

cant detection of quadrupolar modulation, as quantified by the p
values.
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g* < 0.01               for q=-2, -1, 0, 1, 2

BOSS DR12(LSS) Sugiyama, Shiraishi, Okumura (17) ~ factor 2 weaker than CMB 



A benchmark model
ρ
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Model building is possible w/a sizable coupling generically under slow-roll approx.

e.g. for
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Even for ρA/ρinf<<1, the backreaction can become important. 

Tanaka and Urakawa (24)

See also Fujita et al. (18)
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LattEfold

LattEfold (Lattice Evolver in e-folds) by Pankaj Saha (KEK)

- Implementation: Written in C++ with OpenMP parallelization, built 
from scratch to solve field equations in terms of e-folds.

- Straightforward inclusion of additional fields (scalars, U(1), etc…) 
and the ignored shear (~ computation of GWs). 

- Lattice size tested: N= 2563 on PC and 5123 on cluster. 

- Lattice directly solves δN. 

- Fully non-linear dynamics (incl. non-Gaussianity at horizon crossing)

-  Shear, MC yet to be checked



δN formalism
Sasaki & Stewart (95), 

Sasaki & Tanaka (98),

Starobinsky(82, 85),

Lyth, Malik, & Sasaki (04),

reheating surface 

w/uniform density

Hubble crossing 

of CMB scales homogeneous 


e-folding

Lyth & Rodriguez(05),…

Inhomogeneity is described by different ICs for homogeneous small universes.

1. Compute correlates based on QFT in curved space. 

2. Assign IC of (φ, Πφ,…)  for each small universe as a random variable 

    with the statistics determined by quantum correlators. 
3. Solve the ODEs (classical eoms) for each IC.
→ primordial density perturbation <ζζ>, <ζζζ>,….. (+isocurvature)



generalized δN (gdeltaN) formalism

reheating surface 

w/uniform density

Hubble crossing 

of CMB scales 

Tanaka & Y.U.(21)

Inhomogeneity is described by different ICs for homogeneous small universes.
1. Compute correlates based on QFT in curved space, satisfying all eqs. 

2. Assign IC of (φ, Πφ, Ai, ΠAi…)  for each small universe as a random variable 

    with the statistics determined by quantum correlators, using {φphys, φauxi} 

    where φauxi can be eliminated by solving MC.

3. Solve the ODEs w/o MC for each IC.
→ primordial density perturbation <ζζ>, <γγ>, <ζζζ>, <γγγ>,….



Noether charges in separate UniverseAmong the infinite number of large spatial gauge transformations [21, 22] (see also
Ref. [23]), we focus on an infinitesimal transformation,

x
i ! x̃

i = x
i +M

i
j(x)x

j
, (3.29)

where M
i
j denotes a rank-2 tensor with d

2 independent components which remains almost
homogeneous in each local patch, while it can vary among different patches. Therefore, the
spatial gradient of M i

j(x) is suppressed by ✏. The trace part of M i
j describes the scale

transformation and the traceless part describes the shear transformation and the rotation.
Following the textbook argument, the Noether charges can be derived by writing down

the action evaluated at two coordinates related by the large gauge transformations, (3.29)
and setting the difference to 0 as
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where ↵ labels different species of matter fields and �M denotes the change of each field
under the transformation, (3.29), e.g.,

�Mgij = g̃ij(t, x̃
i)� gij(t, x

i) = �M
k
igkj(t, x

i)�M
k
jgik(t, x

i) +O(M2
, ✏) . (3.31)

Recall that the spatial gradient of M
i
j is suppressed by ✏. The first term of Eq. (3.30)

appears from the Jacobian for the large gauge transformation, i.e., ddx̃i = (1 +M
k
k)ddxi.

For a notational brevity, tensor indices of matter fields (even if any) are ignored. Using the
conjugate momenta defined as
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and Eq. (3.31), we can rewrite Eq. (3.30) as

0 =

Z
d
d+1

xM
i
j(x)

"
N
p
gL �

j
i + @t

 
�2⇡j

i +
X

↵

⇡
↵
matter

@�M'
↵
matter

@M i
j

!
+O(✏)

#
, (3.33)

with ⇡
j
i = gik⇡

jk. Here, we have used the Hamiltonian constraint H = @(N
p
gL)/@N = 0

and the Euler-Lagrange equations for gij and matter fields '↵
matter. Since the transformation

(3.29) preserves the gauge condition Ni = 0, �MNi does not appear above. To determine
the matter contributions, we need to specify the tensor structure of the existing matter
fields. For instance, a scalar field � and a vector field Aµ transform under Eq. (3.29) as

�M� = �MA0 = 0 , �MAi = �M
k
iAk +O(M2

, ✏) . (3.34)

Therefore, � does not contribute to Eq. (3.33), while Aµ contributes as �⇡
j
AAi, where ⇡

i
A

denotes the conjugate momentum of Ai. Here, we have ignored higher order terms of M i
j ,

considering the infinitesimal transformation with |M i
j | ⌧ 1.
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with ⇡
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and the Euler-Lagrange equations for gij and matter fields '↵
matter. Since the transformation

(3.29) preserves the gauge condition Ni = 0, �MNi does not appear above. To determine
the matter contributions, we need to specify the tensor structure of the existing matter
fields. For instance, a scalar field � and a vector field Aµ transform under Eq. (3.29) as
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j ,
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Recall that the spatial gradient of M
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appears from the Jacobian for the large gauge transformation, i.e., ddx̃i = (1 +M
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with ⇡
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jk. Here, we have used the Hamiltonian constraint H = @(N
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gL)/@N = 0

and the Euler-Lagrange equations for gij and matter fields '↵
matter. Since the transformation

(3.29) preserves the gauge condition Ni = 0, �MNi does not appear above. To determine
the matter contributions, we need to specify the tensor structure of the existing matter
fields. For instance, a scalar field � and a vector field Aµ transform under Eq. (3.29) as

�M� = �MA0 = 0 , �MAi = �M
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Therefore, � does not contribute to Eq. (3.33), while Aµ contributes as �⇡
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AAi, where ⇡
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denotes the conjugate momentum of Ai. Here, we have ignored higher order terms of M i
j ,

considering the infinitesimal transformation with |M i
j | ⌧ 1.
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where M
i
j denotes a rank-2 tensor with d

2 independent components which remains almost
homogeneous in each local patch, while it can vary among different patches. Therefore, the
spatial gradient of M i

j(x) is suppressed by ✏. The trace part of M i
j describes the scale
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Recall that the spatial gradient of M
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j is suppressed by ✏. The first term of Eq. (3.30)
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0 =

Z
d
d+1

xM
i
j(x)

"
N
p
gL �

j
i + @t

 
�2⇡j

i +
X

↵

⇡
↵
matter

@�M'
↵
matter

@M i
j

!
+O(✏)

#
, (3.33)

with ⇡
j
i = gik⇡

jk. Here, we have used the Hamiltonian constraint H = @(N
p
gL)/@N = 0

and the Euler-Lagrange equations for gij and matter fields '↵
matter. Since the transformation

(3.29) preserves the gauge condition Ni = 0, �MNi does not appear above. To determine
the matter contributions, we need to specify the tensor structure of the existing matter
fields. For instance, a scalar field � and a vector field Aµ transform under Eq. (3.29) as

�M� = �MA0 = 0 , �MAi = �M
k
iAk +O(M2

, ✏) . (3.34)

Therefore, � does not contribute to Eq. (3.33), while Aµ contributes as �⇡
j
AAi, where ⇡

i
A

denotes the conjugate momentum of Ai. Here, we have ignored higher order terms of M i
j ,

considering the infinitesimal transformation with |M i
j | ⌧ 1.

– 14 –

e.g.

Among the infinite number of large spatial gauge transformations [21, 22] (see also
Ref. [23]), we focus on an infinitesimal transformation,

x
i ! x̃

i = x
i +M

i
j(x)x

j
, (3.29)

where M
i
j denotes a rank-2 tensor with d

2 independent components which remains almost
homogeneous in each local patch, while it can vary among different patches. Therefore, the
spatial gradient of M i

j(x) is suppressed by ✏. The trace part of M i
j describes the scale

transformation and the traceless part describes the shear transformation and the rotation.
Following the textbook argument, the Noether charges can be derived by writing down

the action evaluated at two coordinates related by the large gauge transformations, (3.29)
and setting the difference to 0 as

0 =

Z
d
d+1

x


M

i
iN

p
gL+H�MN +

@(N
p
gL)

@gij
�Mgij + ⇡

ij
�M ġij
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where ↵ labels different species of matter fields and �M denotes the change of each field
under the transformation, (3.29), e.g.,

�Mgij = g̃ij(t, x̃
i)� gij(t, x

i) = �M
k
igkj(t, x

i)�M
k
jgik(t, x

i) +O(M2
, ✏) . (3.31)

Recall that the spatial gradient of M
i
j is suppressed by ✏. The first term of Eq. (3.30)

appears from the Jacobian for the large gauge transformation, i.e., ddx̃i = (1 +M
k
k)ddxi.

For a notational brevity, tensor indices of matter fields (even if any) are ignored. Using the
conjugate momenta defined as

⇡
ij ⌘

@(N
p
gL)

@ġij
, ⇡

↵
matter ⌘

@(N
p
gL)

@'̇
↵
matter

, (3.32)

and Eq. (3.31), we can rewrite Eq. (3.30) as

0 =

Z
d
d+1

xM
i
j(x)

"
N
p
gL �

j
i + @t

 
�2⇡j

i +
X

↵

⇡
↵
matter

@�M'
↵
matter

@M i
j

!
+O(✏)

#
, (3.33)

with ⇡
j
i = gik⇡

jk. Here, we have used the Hamiltonian constraint H = @(N
p
gL)/@N = 0

and the Euler-Lagrange equations for gij and matter fields '↵
matter. Since the transformation

(3.29) preserves the gauge condition Ni = 0, �MNi does not appear above. To determine
the matter contributions, we need to specify the tensor structure of the existing matter
fields. For instance, a scalar field � and a vector field Aµ transform under Eq. (3.29) as

�M� = �MA0 = 0 , �MAi = �M
k
iAk +O(M2

, ✏) . (3.34)

Therefore, � does not contribute to Eq. (3.33), while Aµ contributes as �⇡
j
AAi, where ⇡

i
A

denotes the conjugate momentum of Ai. Here, we have ignored higher order terms of M i
j ,

considering the infinitesimal transformation with |M i
j | ⌧ 1.
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Noether charge (density)

⇡j
i ⇠

p
gAi

j
<latexit sha1_base64="Jn/O4Gcq6u4YfYrXn0BPNkof2oo=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQlCgrHAwlgk+pCaNHJcpzW1nWA7SFWUkYVfYWEAIVY+gY2/wW0zQMuR7tXROffKvidMGFXacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWYNHDMYtkOkSKMCtLQVDPSTiRBPGSkFQ6vxn7rgUhFY3GrRwnxOeoLGlGMtJEC+yDzEtq9ywMKPUW5afdSZ/0cZhddGhjdrjhVZwI4T9yCVECBemB/eb0Yp5wIjRlSquM6ifYzJDXFjORlL1UkQXiI+qRjqECcKD+bHJLDI6P0YBRLU0LDifp7I0NcqREPzSRHeqBmvbH4n9dJdXTuZ1QkqSYCTx+KUgZ1DMepwB6VBGs2MgRhSc1fIR4gibA22ZVNCO7syfOkeVJ1nap7c1qpXRZxlMA+OATHwAVnoAauQR00AAaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8A/vmZ8Q==</latexit><latexit sha1_base64="Jn/O4Gcq6u4YfYrXn0BPNkof2oo=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQlCgrHAwlgk+pCaNHJcpzW1nWA7SFWUkYVfYWEAIVY+gY2/wW0zQMuR7tXROffKvidMGFXacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWYNHDMYtkOkSKMCtLQVDPSTiRBPGSkFQ6vxn7rgUhFY3GrRwnxOeoLGlGMtJEC+yDzEtq9ywMKPUW5afdSZ/0cZhddGhjdrjhVZwI4T9yCVECBemB/eb0Yp5wIjRlSquM6ifYzJDXFjORlL1UkQXiI+qRjqECcKD+bHJLDI6P0YBRLU0LDifp7I0NcqREPzSRHeqBmvbH4n9dJdXTuZ1QkqSYCTx+KUgZ1DMepwB6VBGs2MgRhSc1fIR4gibA22ZVNCO7syfOkeVJ1nap7c1qpXRZxlMA+OATHwAVnoAauQR00AAaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8A/vmZ8Q==</latexit><latexit sha1_base64="Jn/O4Gcq6u4YfYrXn0BPNkof2oo=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQlCgrHAwlgk+pCaNHJcpzW1nWA7SFWUkYVfYWEAIVY+gY2/wW0zQMuR7tXROffKvidMGFXacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWYNHDMYtkOkSKMCtLQVDPSTiRBPGSkFQ6vxn7rgUhFY3GrRwnxOeoLGlGMtJEC+yDzEtq9ywMKPUW5afdSZ/0cZhddGhjdrjhVZwI4T9yCVECBemB/eb0Yp5wIjRlSquM6ifYzJDXFjORlL1UkQXiI+qRjqECcKD+bHJLDI6P0YBRLU0LDifp7I0NcqREPzSRHeqBmvbH4n9dJdXTuZ1QkqSYCTx+KUgZ1DMepwB6VBGs2MgRhSc1fIR4gibA22ZVNCO7syfOkeVJ1nap7c1qpXRZxlMA+OATHwAVnoAauQR00AAaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8A/vmZ8Q==</latexit><latexit sha1_base64="Jn/O4Gcq6u4YfYrXn0BPNkof2oo=">AAACCHicbVC7TsMwFHV4lvIKMDJgUSExVQlCgrHAwlgk+pCaNHJcpzW1nWA7SFWUkYVfYWEAIVY+gY2/wW0zQMuR7tXROffKvidMGFXacb6thcWl5ZXV0lp5fWNza9ve2W2qOJWYNHDMYtkOkSKMCtLQVDPSTiRBPGSkFQ6vxn7rgUhFY3GrRwnxOeoLGlGMtJEC+yDzEtq9ywMKPUW5afdSZ/0cZhddGhjdrjhVZwI4T9yCVECBemB/eb0Yp5wIjRlSquM6ifYzJDXFjORlL1UkQXiI+qRjqECcKD+bHJLDI6P0YBRLU0LDifp7I0NcqREPzSRHeqBmvbH4n9dJdXTuZ1QkqSYCTx+KUgZ1DMepwB6VBGs2MgRhSc1fIR4gibA22ZVNCO7syfOkeVJ1nap7c1qpXRZxlMA+OATHwAVnoAauQR00AAaP4Bm8gjfryXqx3q2P6eiCVezsgT+wPn8A/vmZ8Q==</latexit>

Notice that since M
i
j can take an arbitrary value at each causal patch, the traceless

part of Eq. (3.33) indicates the presence of d2 � 1 conserved charge densities Q
i
j(x) as

8⇡G

"
�2⇡j

i +
X

↵

⇡
↵
matter

@�M'
↵
matter

@M i
j

+O(✏)

#
TL

⌘ Q
j
i(x) . (3.35)

Here and hereafter, we put TL when we only pick up the traceless part. For our convenience,
we have inserted the constant factor 8⇡G in the definition of Qi

j . The spatial integral of
Q

i
j(x),

R
d
dxQ

i
j(x), is nothing but the Noether charges for the shear transformation and

the rotation in Eq. (3.29). Meanwhile, the trace part, which corresponds to the scale
transformation, does not lead to conservation because of non-trivial contributions of the
spatial boundary terms. Instead, the trace part of Eq. (3.33) gives the equation which
corresponds to the trace part of Eq. (3.20).

When the Lagrangian density Lg is given by Eq. (3.19), we obtain

(ex) ⇡
j
i =

F

16⇡G

p
g


A

j
i +

�
j
i

d
(1� d�HL)K

�
, (3.36)

As one can see from this example, Eq. (3.35) provides the precise version of Eq. (3.18)
with the symmetric part of Qj

i(x) roughly corresponding to C
i
j(x). For a more general

theory of gravity, capturing the fall-off of the homogeneous mode of the shear, which is
determined irrespective of the detail of matter fields, from Eq. (3.35) becomes more compli-
cated6. Nevertheless, in the next subsection, we will show that the symmetric part of Qi

j ,
which is accompanied by (a positive power of) (1/pg), can be generically used to solve the
momentum constraints at t = thoc, just accepting the non-local contributions that decay
soon in an expanding Universe.

3.3.2 Decay of non-local contributions

To keep equations compact, in the following, we employ an inessential assumption that
ġij always appears in the combination of the extrinsic curvature Kij . Even without this
assumption, the same argument can apply, while the equations will, in general, become more
messy. Under this assumption, the momentum constraints, which are obtained by taking
the derivative with respect to Ni, share the same structure as ⇡

i
j , which are obtained by

taking the derivative with respect to ġij , since both derivatives come through the derivative
with respect to Kij

7. Then, the momentum constraints can be recast into the following
6
For example, using the time derivative of (i, j) component of another rank-2 tensor field and Ni, we can

construct another quantity which covariantly transforms under the spatial Diff. Whether we can construct

a plausible model which includes such a rank-2 tensor field or not is beyond the scope of this paper.
7
For a theory of gravity with the Lagrangian density, (3.3), ⇡

j
i is given by

⇡
j
i =

F

16⇡G

p
g

"⇢
1 +

✓
3�3

d
� �2

◆
K

�
A

j
i +

3�3

2

h
A

j
lA

l
i

i
TL

+
�
j
i

d

⇢
(1� d�HL)K +

3
2d

(d2�1 � �2 + �3)K
2 +

1
2
(3�3 � d�2)A

k
lA

l
k

�
+ · · ·

#
.
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Spatial gauge condition 

As emphasized in the previous section, for verification of (?), we need to make sure that
solving the Hamiltonian and momentum constraints do not give rise to non-negligible non-
local contributions. Taking the derivative of the total action with respect to the Lagrange
multipliers N and Ni, we obtain the Hamiltonian constraint as

K
i
jK

j
i � �HLK

2 + 2(�1K
3 � �2KK

i
jK

j
i + �3K

i
jK

j
lK

l
i) + · · ·+ 16⇡G

F
⇢ = O(✏) , (3.4)

and the momentum constraints as

Dj


F

⇢
(1� �2K)Kj

i +
3

2
�3K

j
lK

l
i � �

j
i

✓
�HLK � 3

2
�1K

2 +
1

2
�2K

i
jK

j
i

◆��

+ · · ·+ 8⇡GN
@Lmatter

@N i
= O

�
✏
2
�
, (3.5)

where we have introduced

⇢ ⌘ � @

@N
(NLmatter) . (3.6)

Here, · · · denote contributions that potentially appear from other kinetic terms of gravity,
e.g., K4 and K

i
jK

j
lK

l
mK

m
i. The geometrical quantities which appear in the constraint

equations are summarized in Appendix. Notice that the leading order of the momentum
constraints is O(✏), which makes the momentum constraints distinct from other equations,
requiring a special attention as will be discussed.

In this paper (unless stated), we impose the gauge condition

Ni = 0 , (3.7)

with which ⇢ indeed corresponds to the energy density in this gauge. As is widely known,
Ni = 0 does not completely remove the degrees of freedom for the spatial small gauge
transformations. In fact, at linear perturbation, Ni transforms under the spatial coordinate
transformation, xi ! x̃

i = x
i + �x

i as

Ñi = Ni � �ẋ
j
gji . (3.8)

This indicates that we can still perform a time-independent spatial coordinate transforma-
tion, maintaining the gauge condition Ni = 0. Therefore, we further impose the transverse
condition at t = t⇤ as

@j�ij(t⇤, x) = 0 , (3.9)

where t⇤ will be specified later.
Following Refs. [3, 4, 19], let us introduce the tracelsss part of Kij , the shear Aij , as

Kij =
K

d
gij +Aij , g

ij
Aij = 0 . (3.10)
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( )

The tensor indices of Aij are raised and lowered by gij . Using the expansion K and the
shear A

i
j , the Hamiltonian constraint and the momentum constraint are rewritten as

1� d�HL

d
K

2 + 2

✓
�1 �

�2

d
+
�3

d2

◆
K

3 +

⇢
1 + 2

✓
��2 +

3�3
d

◆
K

�
A

i
jA

j
i

+ 2�3A
i
jA

j
lA

l
i + · · ·+ 16⇡G

F
⇢ = O(✏) , (3.11)

and

@i


F

⇢✓
1

d
� �HL

◆
K +

3

2

✓
�1 �

�2

d
+
�3

d2

◆
K
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2
A

k
lA

l
k

��

+rj


F

⇢
A

j
i +

✓
3�3
d
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◆
KA

j
i +

3�3
2

A
j
lA

l
i

��
+ · · ·+ 8⇡GN

@Lmatter

@N i
= O

�
✏
2
�
.(3.12)

In general, the momentum constraints cannot be guaranteed by the spatial gradient of the
Hamiltonian constraint as is immediately clear from the fact that the former is d equations,
while the latter is just 1 equation. (We do not consider 1+1 dimension, where gravity does
not exist.) Especially, when there exists a non-zero spin field, e.g., a vector field, which
does not immediately decay at large scales, the same argument as in Refs. [16, 17] does not
ensure the approximate validity of the momentum constraints.

In Ni = 0 gauge, K and A
i
j are given by

K =
d

N
 ̇ , (3.13)

A
i
j =

1

2N

✓
�
i
k�

l
j �

1

d
�
i
j�

l
k

◆
�
km
�̇ml =

1

2N
�
im
�̇mj = � 1

2N
�̇
im
�mj . (3.14)

One advantage of Ni = 0 gauge is in that K and A
i
j directly correspond to the derivative

of  and �ij with respect to the proper time ⌧ , which is related to the cosmological time as
d⌧ |Ni=0 = Ndt. Notice that in this gauge, by integrating Eq. (3.13),  directly corresponds
to the e-folding number as

 (t, x) =
1

d

Z ⌧(t)

d⌧
0
K(⌧ 0, x) =

1

d

Z t

dt
0
N(t0, x)K(t0, x) . (3.15)

This is the basic equation in the �N formalism.

3.2 Momentum constraints and large scale evolution of shear

The [sDiff] condition implies that when the momentum constraints hold at a certain time,
they also hold at an arbitrary time. This can be shown by evaluating the change of the
total action under the spatial coordinate transformation,

x
i ! e

⇠µ@µx
i = x

i + ⇠
i + · · ·

with ⇠µ = (0, ⇠i(t, x)) as

0 = �⇠S =

Z
d
d+1

x

"
H�⇠N +Hi�⇠N

i +
X

others

@L
@'a

�⇠'
a

#
, (3.16)
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1 Introduction and summary

Question to be addressed

• When the separate Universe approach can be applied?

Main results

• We show that the separate Universe approach can be generically applied as long as
the [locality] and [sDiff] conditions are satisfied.

• To reproduce the two independent solutions of ⇣, we need to take into account the
shear as well as at the leading order of the gradient expansion.

anisotropy is treated perturbatively in Ref. [1] for a specific model.

2 Basic condition

In this paper, we express the (d+ 1)-dimensional line element as

ds
2 = �N

2
dt

2 + gij(dx
i +N

i
dt)(dxj +N

j
dt) , (2.1)

with i, j = 1, · · · , d. We express the spatial metric as

gij = e
2 
�ij , (2.2)

where �ij satisfies det[�] = 1. Using  , the determinant of gij is given by g = e
2d .

2.1 Smoothing and separate Universe appraoch

The gradient expansion [2, 3] is an expansion scheme with respect to the spatial gradient
at each given time, which provides a useful tool to address the large scale evolution of the
fluctuations in a cosmological spacetime (see also Ref. [4]). The gradient expansion starts
with smoothing out small scale fluctuations [2]. We express a set of the coarse grained fields
which are smoothed out at a physical scale �s(t) as {'a}. We require that the smoothing
scale �s is equal to or larger than the size of the causally connected region in the typical time
scale of the expanding Universe and is much smaller than the scale under consideration, �,
satisfying1[5]

�� �s �
cmax

K
, (2.3)

where K denotes the expansion, which corresponds to (d times) the Hubble parameter
for the FLRW spacetime (the definition will be given in Sec. 3.2) and cmax denotes the

1
Here, as a typical time scale of the causal propagation, we consider the time scale of the cosmic

expansion, 1/K. When we consider a much shorter time scale than 1/K with �t ⌧ 1/K obviously the size

of the causal patch becomes smaller. Then, �s can be chosen as cmax/K > �s > cmax�t. When a system
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3 Validity of separate Universe approach

In this section, we show that when the [sDiff] and [locality] conditions are satisfied, the basic
property of the separate Universe approach, (?), holds. As emphasized in the previous
section, the key is to show that the non-local contributions that appear by solving the
momentum constraints decay in time. In Sec. 3.3, we show the decay of these non-local
contributions, using Noether charge densities of the spatial large gauge transformations.

3.1 Basic equations

Let us express the total action as

S =

Z
d
d+1

xN
p
gL =

Z
d
d+1

xN
p
g [Lg + Lmatter] , (3.1)

where Lg is the Lagrangian density for the gravitational field and Lmatter denotes the matter
Lagrangian density. The time derivative of the spatial metric, gij which remains invariant
under the spatial coordinate transformation x

i ! x̃
i(t, xi) is given by the extrinsic curvature

and its trace part, defined as

Kij =
1

2N
(ġij �DiNj �DjNi) , K ⌘ g

ij
Kij . (3.2)

Here, Di is the covariant derivative for the spatial metric gij . Using the extrinsic curvature,
the kinetic term of gravity is given by 2

Lg =
F

16⇡G


K

i
jK

j
i � �HLK

2 + �1K
3 � �2KK

i
jK

j
i + �3K

i
jK

j
lK

l
i + · · ·+O(✏)

�
, (3.3)

where the coefficients F , �HL, �i with i = 1, 2, 3 are arbitrary functions of the matter fields.
Potential terms of gravity such as the spatial Ricci scalar s

R are included in O(✏), which have
at least one more spatial gradient compared to the terms shown in Eq. (3.3). As discussed
in the previous section, the gradient expansion with respect to ✏ can be established as a
well-defined expansion only after the non-local contributions are confirmed to be negligible.

For an illustrative purpose, we have written down several possible terms of Lg in
Eq. (3.3). However, the same argument applies as far as the [sDiff] and [locality] conditions
hold. The above Lagrangian density includes general relativity (�HL = 1, �1 = �2 =

�3 = 0), the projectable and non-projectable versions of the Horava-Lifshitz gravity3

(�1 = �2 = �3 = 0), and beyond Horndeksi (�HL = 1,�2 = 3�1, �3 = 2�1 for d = 3) [18].
The absence of pathology in each theory should be separately examined, when one wants
to apply our formulation to compute an observable consequence.

2
Since the shift vector Ni is related to the (d + 1)-dim metric component, g0i, as g0i = Ni, it does not

transform as a vector field under x
i
! x̃

i(t, xi) (while it does under x
i
! x̃

i(xi)). Therefore, a contraction

of Ni, N
i
Ni, is not invariant under the time dependent spatial coordinate transformation.

3
In the HL gravity, Lg can include the spatial Riemann tensor, the spatial Ricci tensor, and the spatial

Ricci scalar with the spatial covariant derivative operators (see e.g., [10]).As is known, in the non-projectable

version of the HL gravity, the gradient instability in the IR can be avoided by introduicng a term proportional

to g
ij
@i lnN@j lnN . This term is also included in O(✏2�).
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trace: Expansion of volume  

traceless: Shear

(d+1)-dim spacetime

The tensor indices of Aij are raised and lowered by gij . Using the expansion K and the
shear A

i
j , the Hamiltonian constraint and the momentum constraint are rewritten as

1� d�HL

d
K

2 + 2

✓
�1 �

�2

d
+
�3

d2

◆
K

3 +

⇢
1 + 2

✓
��2 +

3�3
d

◆
K

�
A

i
jA

j
i

+ 2�3A
i
jA

j
lA

l
i + · · ·+ 16⇡G

F
⇢ = O(✏) , (3.11)

and

@i


F

⇢✓
1

d
� �HL

◆
K +

3

2

✓
�1 �

�2

d
+
�3

d2

◆
K

2 � �2

2
A

k
lA

l
k

��

+rj


F

⇢
A

j
i +

✓
3�3
d

� �2

◆
KA

j
i +

3�3
2

A
j
lA

l
i

��
+ · · ·+ 8⇡GN

@Lmatter

@N i
= O

�
✏
2
�
.(3.12)

In general, the momentum constraints cannot be guaranteed by the spatial gradient of the
Hamiltonian constraint as is immediately clear from the fact that the former is d equations,
while the latter is just 1 equation. (We do not consider 1+1 dimension, where gravity does
not exist.) Especially, when there exists a non-zero spin field, e.g., a vector field, which
does not immediately decay at large scales, the same argument as in Refs. [16, 17] does not
ensure the approximate validity of the momentum constraints.

In Ni = 0 gauge, K and A
i
j are given by

K =
d

N
 ̇ , (3.13)

A
i
j =

1

2N

✓
�
i
k�

l
j �

1

d
�
i
j�

l
k

◆
�
km
�̇ml =

1

2N
�
im
�̇mj = � 1

2N
�̇
im
�mj . (3.14)

One advantage of Ni = 0 gauge is in that K and A
i
j directly correspond to the derivative

of  and �ij with respect to the proper time ⌧ , which is related to the cosmological time as
d⌧ |Ni=0 = Ndt. Notice that in this gauge, by integrating Eq. (3.13),  directly corresponds
to the e-folding number as

 (t, x) =
1

d

Z ⌧(t)

d⌧
0
K(⌧ 0, x) =

1

d

Z t

dt
0
N(t0, x)K(t0, x) . (3.15)

This is the basic equation in the �N formalism.

3.2 Momentum constraints and large scale evolution of shear

The [sDiff] condition implies that when the momentum constraints hold at a certain time,
they also hold at an arbitrary time. This can be shown by evaluating the change of the
total action under the spatial coordinate transformation,

x
i ! e

⇠µ@µx
i = x

i + ⇠
i + · · ·

with ⇠µ = (0, ⇠i(t, x)) as

0 = �⇠S =

Z
d
d+1

x

"
H�⇠N +Hi�⇠N

i +
X

others

@L
@'a

�⇠'
a

#
, (3.16)
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when Ai
j / 1/Vphys ⇠ 1/ad
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, at linear.



Non-trivial example

as the second condition.
In a constrained system, eliminating a Lagrange multiplier can transform a local La-

grangian density to non-local, especially when the Lagrange multiplier is accompanied by
a spatial gradient. For example, let us consider a system with a single scalar field � and a
Lagrange multiplier � whose Lagrangian density is given by

L(x) = · · ·+ g
ij
@i�@j�/2 + �F�(�(x)) + · · · , (2.10)

where we have written only the terms which include �. Here, F� denotes a local functional of
�. Taking the functional derivative of the axion with respect to �, we obtain the constraint
equation as

1

N
p
g
@i(g

ij
N
p
g@j�(x)) = F�(�(x)) . (2.11)

Once we eliminate � by solving this constrain equation, L becomes non-local through the
inverse Laplacian. For clarify, we impose the locality after eliminating all the Lagrange
multipliers except for the lapse function and the shift vector.

To figure out when the [locality] condition holds, we need to understand how the short
modes below the smoothing scale, �s, affect on the dynamics of {'a}. As is widely known in
the context of stochastic inflation [11–14], the effective action obtained by coarse-graining
the short modes is, in general, given by a non-local effective Lagrangian density, which does
not satisfy the [locality] condition. Therefore, in our forthcoming paper [15], we will relax
the [locality] condition to the one which can be fulfilled in a reasonable smoothing scheme.
The refined [locality] condition restricts a quantum system, including the traced out short
modes. In Ref. [15], we will show that under the refined [locality] condition, the discussion
proceeds almost in the same way as the one in this paper. Since discussing the detail of
the smoothing scheme is beyond our present scope, in this paper, we simply require the
[locality] condition.

2.3 What do we need for validity of separate Universe approach?

Similarly to the example given in Eq. (2.10), since the shift vector Ni appears with a spatial
gradient in the extrinsic curvature Kij and as well as in the Lagrangian density, solving
the momentum constraints, which are obtained by taking the derivative with respect to Ni,
also introduces non-local contributions. The presence of non-local terms can cause a serious
problem for the validity of the separate Universe approach, since two patches which are
separated much larger than cmax/K can interact through non-local terms. For the gradient
expansion, which is based on the separate Universe approach, when the Lagrangian density
includes terms with the inverse Laplacian @

�2, a term with the spatial derivative operator
is not necessarily suppressed by ✏, since it may be compensated by @

�2.
It is known that this issue can be evaded, when the system under consideration only

includes scalar fields as follows. Sugiyama et al. showed the momentum constraints, Hi,
are identical to the Hamiltonian constraint, H, multiplied by the spatial gradient, i.e., @iH,
allowing a deviation that decays with the inverse of the physical spatial volume under the
slow-roll approximation [16]. This result was extended to a more general time evolution by
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a spatial gradient. For example, let us consider a system with a single scalar field � and a
Lagrange multiplier � whose Lagrangian density is given by

L(x) = · · ·+ g
ij
@i�@j�/2 + �F�(�(x)) + · · · , (2.10)

where we have written only the terms which include �. Here, F� denotes a local functional of
�. Taking the functional derivative of the axion with respect to �, we obtain the constraint
equation as

1

N
p
g
@i(g

ij
N
p
g@j�(x)) = F�(�(x)) . (2.11)

Once we eliminate � by solving this constrain equation, L becomes non-local through the
inverse Laplacian. For clarify, we impose the locality after eliminating all the Lagrange
multipliers except for the lapse function and the shift vector.

To figure out when the [locality] condition holds, we need to understand how the short
modes below the smoothing scale, �s, affect on the dynamics of {'a}. As is widely known in
the context of stochastic inflation [11–14], the effective action obtained by coarse-graining
the short modes is, in general, given by a non-local effective Lagrangian density, which does
not satisfy the [locality] condition. Therefore, in our forthcoming paper [15], we will relax
the [locality] condition to the one which can be fulfilled in a reasonable smoothing scheme.
The refined [locality] condition restricts a quantum system, including the traced out short
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is not necessarily suppressed by ✏, since it may be compensated by @

�2.
It is known that this issue can be evaded, when the system under consideration only

includes scalar fields as follows. Sugiyama et al. showed the momentum constraints, Hi,
are identical to the Hamiltonian constraint, H, multiplied by the spatial gradient, i.e., @iH,
allowing a deviation that decays with the inverse of the physical spatial volume under the
slow-roll approximation [16]. This result was extended to a more general time evolution by
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charge of the CFT, and the operator product expansion coefficients for the deformation

operators OI . Such parametrization allows for some explicit calculations, which can be

done by using conformal perturbation theory [24, 25, 26]. With the identification gI = φI

(up to a proportionality constant), the renormalisation group (RG) flow of the couplings gI

in the boundary theory corresponds to field evolution in the bulk, while the superpotential

W plays the role of a c-function for the RG flow.

The case with a single deformation operator O corresponds to single field inflation,

which has been extensively considered in the literature [15, 16, 17, 18, 24, 25, 27, 28, 29,

30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. In particular, Refs. [24, 25]

studied the power spectrum and bispectrum of ζ, showing agreement between the boundary

and bulk calculations.1 The four-point correlation function was also computed in Ref. [33],

recovering the result from the bulk calculation of Ref. [47] in the slow-roll regime.

More recently, Ref. [26] extended the holographic approach to multi-field inflation by

considering a CFT with D mutually uncorrelated deformation operators OI , and the pri-

mordial power spectra for adiabatic and entropy perturbations were computed in conformal

perturbation theory. As an application of the methods presented in this paper, here we

will compare the results of Ref. [26] with a bulk calculation based on the δN technique.

The paper is organized as follows. In Sec. 2 we review the superpotential formalism.

We also give a characterization of the attractor behavior of background solutions in terms

of the first and second slow-roll parameters. Note, however, that such parameters will

not be required to be small in our discussion. In Sec. 3 we review the separate universe

approximation, on which the δN formalism is based. As we shall see, the superpotential

will be very useful for computing the primordial spectra, particularly in the case when the

background is an attractor. The expressions for the primordial spectra of adiabatic and

entropy perturbations in terms of the superpotential are given in Sec. 4. In Sec. 5, we

compare these results with those recently obtained in Ref. [26] from the holographic point

of view. In Sec. 6, we elaborate on several explicit models of inflation with a product sepa-

rable superpotential, which should be dual to a QFT with uncorrelated multi-deformation

operators. Finally, we conclude in Sec. 7

2. Superpotential and background evolution

Consider a scalar field theory in a (d + 1)-dimensional spacetime, with an action of the

form

S =

∫

dd+1x
√
−g P (XIJ ,φK) . (2.1)

The corresponding energy momentum tensor is given by

Tµν = PIJ ∂µφ
I∂νφ

J + Pgµν , (2.2)

1Furthermore, in Ref. [25], it was shown that the power spectrum of ζ is conserved at large scales,

as expected in the standard cosmological perturbation theory for the case of single field models. The

conservation of higher order correlation functions, however, remains an unresolved open issue.
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1. Introduction

Measurements of the temperature anisotropies and polarization of the cosmic microwave

background place stringent constraints on a wide range of inflationary models. While cur-

rent data are consistent with single-field inflation, multi-field scenarios arise quite naturally

in most attempts to embed inflation within a broader theory, and it is therefore important

to address this more generic situation.

The amplitude of primordial perturbations is often described in terms of ζ, the curva-

ture perturbation on hypersurfaces of constant energy density. In single-field inflation this

quantity is conserved on super-horizon scales, but in multi-field inflation it can evolve after

Hubble crossing [1, 2, 3]. To take this evolution into account, it is convenient to use the

so-called δN formalism [4, 5, 6, 7, 8], which gives the correlators of ζ at the end of inflation

in terms of the correlators of the scalar-fields fluctuations at Hubble crossing. The relation

between them is established by considering the background evolution of an ensemble of

homogeneous universes with different initial conditions (for a review, see Refs. [9, 10]).

This approach is not restricted to the correlators of ζ, but can also be applied to entropy

perturbations (see e.g. [11, 12]).

A useful tool for describing the evolution on super-horizon scales is the Hamilton-

Jacobi (H-J) formalism first introduced by Salopek and Bond [5] (see also [13, 14]). This

was originally developed for the case of D scalar fields φI (here and below capital latin

indices I, J,K, . . . run from 1 to D) with canonical kinetic terms, but for generality here

we shall consider an extension to Lagrangians of the form P (XIJ ,φK), where

XIJ ≡ −(∂µφ
I∂µφJ)/2 . (1.1)

The first step is to encode the background dynamics in a time independent H-J equation

for a “superpotential” W . This object is just the Hubble rate expressed as a function of

the field values φI ,

W =
1

2
H(φI , cI) , (1.2)

where a complete solution of the H-J equation contains an equal number of integration

constants cI , which account for the freedom in the initial values of the field momenta. As

we shall see, cosmological evolution can then be seen as a “gradient flow” of W (φI) in

field space. The purpose of this paper is to further develop the δN formalism by taking

advantage of this description.

The superpotential approach is also interesting in connection with the possibility of a

holographic description of inflation [15, 16, 17, 18]. For the case of de Sitter, this idea was

first considered in Refs. [19, 20], by analogy with the gauge/gravity duality which holds in

asymptotically AdS spaces (see also Refs. [21, 22]). Recently, field theories which are dual

to de Sitter have been identified for the case of higher spin gravity [23]. On the other hand,

for the case of Einstein gravity, the duality remains at an exploratory stage. In the absence

of a more concrete realization, a fruitful strategy has been to focus on small deformations

of a generic boundary conformal field theory (CFT), with Lagrangian of the form L =

LCFT +
∑

I g
IOI . This setup is characterized by a few parameters, such as the central
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In what follows, the metric is assumed to take the FRW form in the long wavelength

limit ε→ 0, and we shall use the gauge where the traceless matrix h is also transverse,

∂ihij = 0. (3.5)

For scalar fields, the anisotropic stress Tij − (1/d)γklTklγij is of order O(ε2). As shown in

Ref. [55], using Einstein’s equations, after neglecting terms of lower order in ε, which decay

like a−d, we have

∂jβ
i = O(ε2), (3.6)

and

ḣij = O(ε2). (3.7)

Using these conditions and introducing the derivative with respect to the number of e-

foldings N ,

∂N ≡ d

Kα
∂t , (3.8)

the Einstein equations and the field equations of the scalar fields read [56]

K2 =
2κ2

d(d− 1)

(

PIJK
2∂Nφ

I∂Nφ
J − d2P

)

+O(ε2) , (3.9)

∂NK = − κ2

d− 1
KPIJ∂Nφ

I∂Nφ
J +O(ε2) , (3.10)

K∂N
(

PIJK∂Nφ
J
)

+ dK2PIJ∂Nφ
J − d2(∂P/∂φI ) = O(ε2) . (3.11)

At the leading order in the gradient expansion, these equations coincide with the back-

ground field equations, where K should be understood as dH for this comparison. For

definiteness, in what follows we shall refer to Eqs. (3.9)-(3.11), together with Eqs. (3.6)

and (3.7), as the separate universe approximation.

3.2 Momentum constraint

The momentum constraint has no counterpart in the background field equations, and so it

might enforce additional requirements for the validity of the separate universe approxima-

tion. The momentum constraint is given by [56]

∂iK = − κ2

d− 1
KPIJ∂Nφ

I∂iφ
J +O(aε3) . (3.12)

A factor of a is inserted in O(aε3), since here we are considering the comoving derivative

of the extrinsic curvature, while in our conventions a factor of ε corresponds to a physical

gradient. On the other hand, taking the spatial derivative of the Hamiltonian constraint

(3.9) and using Eqs. (3.10) and (3.11), we obtain

∂iK = − κ2

d− 1
KPIJ∂Nφ

I∂iφ
J +Bi +O(aε3), (3.13)
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where Bi is defined as

Bi ≡
κ2K

(d− 1)∂N ln(edNK)

[

∂Nφ
I∂i
(

PIJ∂Nφ
J
)

− ∂N
(

PIJ∂Nφ
J
)

∂iφ
I
]

. (3.14)

Here we used Eq. (3.10) to rewrite the denominator on the right hand side. Comparing

(3.12) and (3.13) we see that the consistency of the Hamiltonian and momentum constraint

requires that

a−1Bi = O(ε3). (3.15)

Sugiyama, Komatsu and Futamase [55] pointed out that the condition (3.15) is automati-

cally satisfied under the slow-roll approximation. Here, we argue that this conclusion is not

restricted to slow-roll, but follows more generally from the attractor behaviour discussed

in Subsection 2.2. Indeed, repeating the same argument as in the background, we can

express the field equations at the leading order of the gradient expansion with the use of

the superpotential as

PIJ∂Nφ
J = −d− 1

κ2
∂ lnW

∂φI
+O(ε2) , (3.16)

where the superpotential is now related to the extrinsic curvature by K = 2dW +O(ε2). In

the attractor regime, the dependence of the superpotential W (φK , cK) on the integration

constants cK can be neglected. Then, substituting Eq. (3.16) in Eq. (3.14), the leading

terms in the two expressions within round brackets in the left hand side of Eq. (3.14) cancel

each other, and we are left with a−1Bi = O(ε3).

Beyond the attractor regime, we need to consider the dependence of W in the constants

cK . In that case, substituting Eq. (3.16) in Eq. (3.14) we have

a−1Bi = − 2dW

∂N ln(edNW )

d

dN

(

∂ lnW

∂cJ

)

(a−1∂icJ) +O(ε3), (3.17)

where the total derivative with respect to N is taken along the dynamical trajectories at

fixed cK . From Eq. (2.19),
∂W

∂cJ
= AJe−dN +O(ε2), (3.18)

and after some simple algebra, we have

a−1Bi = 2d a−dAJ ∂icJ
a

+O(ε3). (3.19)

The first term in the right hand side contains only one spatial derivative, and so it is naively

of order ε in the gradient expansion, rather than ε3. Thus, unless the cK are constant in

space, it might seem that the momentum constraint (3.12) is inconsistent with the spatial

derivative of the Hamiltonian constraint given in Eq. (3.13)5. Note, however, that the

5For instance, it was stated in [5] that in single-field models the integration constant in the solution

of the H-J equation should be constant in space for consistency between the Hamiltonian and momentum

constraint. But as we argue here, this is not necessarily the case.

– 11 –

where Bi is defined as

Bi ≡
κ2K

(d− 1)∂N ln(edNK)

[

∂Nφ
I∂i
(

PIJ∂Nφ
J
)

− ∂N
(

PIJ∂Nφ
J
)

∂iφ
I
]

. (3.14)

Here we used Eq. (3.10) to rewrite the denominator on the right hand side. Comparing

(3.12) and (3.13) we see that the consistency of the Hamiltonian and momentum constraint

requires that

a−1Bi = O(ε3). (3.15)

Sugiyama, Komatsu and Futamase [55] pointed out that the condition (3.15) is automati-

cally satisfied under the slow-roll approximation. Here, we argue that this conclusion is not

restricted to slow-roll, but follows more generally from the attractor behaviour discussed

in Subsection 2.2. Indeed, repeating the same argument as in the background, we can

express the field equations at the leading order of the gradient expansion with the use of

the superpotential as

PIJ∂Nφ
J = −d− 1

κ2
∂ lnW

∂φI
+O(ε2) , (3.16)

where the superpotential is now related to the extrinsic curvature by K = 2dW +O(ε2). In

the attractor regime, the dependence of the superpotential W (φK , cK) on the integration

constants cK can be neglected. Then, substituting Eq. (3.16) in Eq. (3.14), the leading

terms in the two expressions within round brackets in the left hand side of Eq. (3.14) cancel

each other, and we are left with a−1Bi = O(ε3).

Beyond the attractor regime, we need to consider the dependence of W in the constants

cK . In that case, substituting Eq. (3.16) in Eq. (3.14) we have

a−1Bi = − 2dW

∂N ln(edNW )

d

dN

(

∂ lnW

∂cJ

)

(a−1∂icJ) +O(ε3), (3.17)

where the total derivative with respect to N is taken along the dynamical trajectories at

fixed cK . From Eq. (2.19),
∂W

∂cJ
= AJe−dN +O(ε2), (3.18)

and after some simple algebra, we have

a−1Bi = 2d a−dAJ ∂icJ
a

+O(ε3). (3.19)

The first term in the right hand side contains only one spatial derivative, and so it is naively

of order ε in the gradient expansion, rather than ε3. Thus, unless the cK are constant in

space, it might seem that the momentum constraint (3.12) is inconsistent with the spatial

derivative of the Hamiltonian constraint given in Eq. (3.13)5. Note, however, that the

5For instance, it was stated in [5] that in single-field models the integration constant in the solution

of the H-J equation should be constant in space for consistency between the Hamiltonian and momentum

constraint. But as we argue here, this is not necessarily the case.
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dilatation as

'
c
i1···in(t, x

c) = e
cn
'i1···in(t, x) . (4.4)

Since the system remains invariant under Eq. (4.1), if 'a(t, x) = f
a(t, x) is a set of solutions

for {'a},

'
a(t, x) =

8
>><

>>:

f
a(t, x) + c(x) (a =  )

e
c(x)n

f
a(t, x) (a = rank n fields except for �ij)

f
a(t, x) (a = �ij)

also approximately satisfies the field equations. Notice that �ij is exceptional, since it does
not change under the dilatation, as is clear from the definition. When all the rank-n tensor
fields with n 6= 1 decay in the limit ✏ ⌧ 1, shifting only  as Eq. (4.1), approximately
satisfy the field equations, corresponding the usual constant solution in the large scale
limit. On the other hand, when there exists a non-decaying tensor field with n � 1, the
change of these fields also should be taken into account. Let us emphasize again that when
 is dominated by other modes, the (approximate) existence of the constant solution is not
particularly useful to solve the evolution. The constant solution becomes more important
as an asymptotic solution after all the non-trivial dynamics, which potentially generates
growing modes of  , has finished.

4.2 Weinberg’s second solution and ultra slow-roll models

In many literature, the shear has been treated as a sub-leading contribution in the gradient
expansion. However if we assume A

i
j = O(✏), the other solution of  , which corresponds to

the Weinberg’s second mode, does not appear at the leading order of the gradient expansion.
This was shown in Ref. [7], considering a scalar field system (see also Ref. [17] for a more
general class of scalar field models).

4.2.1 Weinberg’s second solution

In this subsection, for simplicity, let us consider a single field model of inflation, whose
matter Lagrangian density is given by

Lmatter = P (X, �) X ⌘ �@µ�@µ� , , (4.5)

in general relativity (with F = 1). In this case, the energy density is given by

⇢ = 2PXX � P +O(✏2) , (4.6)

with PX ⌘ @P/@X and the shear simply decays as A
i
j = �Q

i
j/
p
g, since there is no large

scale anisotropic pressure.
For our convenience, let us introduce the flat FLRW spacetime as the background

and consider the deviation from there. Using Eqs. (3.11) and (3.12), the Hamiltonian and
momentum constraints are given by

1� d

d
K

2 +A
i
jA

j
i + 16⇡G⇢ = O(✏) , (4.7)
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in general relativity (with F = 1). In this case, the energy density is given by
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with PX ⌘ @P/@X and the shear simply decays as A
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@i� = O(✏2) (4.8)

Once we ignore A
i
j , the constraint equations imply that the uniform Hubble slicing with

K(t, x) = dH(t) , (4.9)

the uniform density slicing, and the uniform field slicing all agree with each other. Here,
H(t) is the Hubble parameter for the FLRW background and we have noticed PX �̇ 6= 0

in a sensible model of inflation. Evaluating �⇢ = O(✏) with �� = O(✏), we obtain �N =

�( ̇/H) = O(✏), i.e., the fluctuation of  is time independent in the limit ✏ ⌧ 1. As
discussed in the previous subsection, our choice of the spatial coordinates approaches to
the transverse gauge as the shear falls off.

Therefore, in order to properly reproduce the Weinberg’s second mode, we need to
take into account the shear as the leading order of the gradient expansion as A

i
j = O(✏0).

In Ref. [17], this was pointed out for the curvature perturbation ⇣ at linear perturbation,
taking the transverse gauge. It is natural that the same story follows for  in our gauge
with Eqs. (3.7) and (3.9), because our  and ⇣ agree once we ignore A

i
j
9.

Especially, in a scalar field system, one may think that the spacetime approaches the
FLRW metric in the limit ✏! 0. Precisely speaking, this is not correct, since the shear does
not disappear just by sending ✏ to 0. Instead, the correct statement is that the spacetime
approaches the FLRW metric, when we take both the ✏! 0 limit and the late time limit.

4.2.2 Remarks on ultra slow-roll model

When one wants to consider a model where the Weinberg’s second mode yields a non-
negligible contribution, as discussed in Sec. 4.2.1, we need to take into account the decaying
mode of the shear. Among such examples, one of the popular ones is the ultra slow-
roll model [31], where the approximate shift symmetry of the potential leads to the rapid
decrease of the velocity |�̇|. Here, let us make a couple of remarks on such models where
the decaying mode of the shear is not entirely negligible.

First, solving the constraint equations, let us show that � on the field slicing with ��
grows at the superhorizon scales. When we ignore the gravitational waves, at the linear
perturbation, expressing the shear as

A
i
j ⇠

1

2
�
im
�̇mj ⇠

1

2
�
im

✓
@m@j@

�2 � 1

d
�mj

◆
�̇ , (4.10)

we can rewrite the momentum constraints into the longitudinal-type form as

@i


� ̇ �H�N � 1

2d
�̇

�
= O(✏2) . (4.11)

9
At linear perturbation, A

i
j ⇠ 0 can be recast into �̇ij ⇠ 0, which in turn implies that the transverse

condition (3.9) also holds at an arbitrary time.
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negligible contribution, as discussed in Sec. 4.2.1, we need to take into account the decaying
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roll model [31], where the approximate shift symmetry of the potential leads to the rapid
decrease of the velocity |�̇|. Here, let us make a couple of remarks on such models where
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where � denotes the longitudinal part of �ij and �̇ decays with the inverse of the physical
volume / 1/ad. Solving this expression as �N = (� ̇ � �̇/(2d))/H +O(✏) and inserting it
into the Hamiltonian constraint, we obtain

� ̇ =
1

4d

⇢
d(1� d) +

2

c2s

�
c
2
s

"
�̇+O(✏) , (4.12)

with c
2
s ⌘ P̄X/(P̄X + 2XP̄XX) and " ⌘ �Ḣ/H

2 = 8⇡GP̄X( ˙̄�/H)2. Here, we put a bar to
denote the background variables. This expression indicates that when "/c2s decays rapidly
so that it compensates the growth of the physical volume / a

d, the right hand side can grow
also in the limit ✏ ⌧ 1. When this growing contribution dominates the adiabatic mode,
which appears as the integration constant of Eq. (4.12), � evolves also in the limit ✏! 0.
This happens for the canonical scalar field with P (X, �) = X/2 � V (�) in an almost flat
potential region, which evolves as " / 1/a2d [31, 32].

Our first remark is that this superhorizon growth in the ultra slow-roll model highly
depends on the choice of the time slicing, while the choice of the spatial coordinates is not
crucial as discussed (recall the discussion about Ni = 0 gauge and the transverse gauge
in the previous subsection). In the ultra slow-roll model, since the potential is almost flat
and the velocity decreases rapidly, the field value of � does not serve a good clock. We can
understand that the spurious growth of  is caused by choosing a "clock" which almost
does not proceed. We also encounter a similar problem in the uniform Hubble slicing and
the uniform density slicing, since the time variation of the expansion, Ḣ = �"H2, and �⇢

rapidly decrease in the ultra slow-roll model10.
To compliment our remark, let us compute the evolution of  in the synchronous gauge,

determining the time slicing as N = 1. We can remove the residual gauge degree of freedom,
e.g., by imposing the uniform expansion slicing at the final surface (after going through the
flat potential area). This slicing does not have the issue in the uniform density slicing
and the uniform Hubble slicing. In this gauge (except for the final time), the Hamiltonian
constraint is given by

dH� ̇ +
8⇡G

1� d
�⇢ = O(✏) . (4.14)

and the momentum constraints are solved as

16⇡G

1� d
�� =

1

P̄X
˙̄
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2d
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◆
(4.15)

10
Exceptionally for the canonical scalar field with an almost flat potential, the Weinberg’s second solution

does not appear in the uniform Hubble slicing. In this slicing, solving the momentum constraints, which

are again in the longitudinal form, we obtain
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�̇� 32⇡GP̄X

˙̄
��� = O(✏) . (4.13)

Therefore, when P̄X is almost constant, including the case with the canonical kinetic term, since both
˙̄
�

and �̇ evolve as a
�d

, �� remains constant, killing one degree of freedom, ��̇. Inserting ��̇ = O(✏) into the

Hamiltonian constraint, we obtain  ̇ = O(✏).
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spatial gauge w/Ni=0

" ⌘ �Ḣ/H
2

<latexit sha1_base64="cs7oqQM8D7Y1ZKE5YQ496C+f/CA=">AAACCXicdVDLSgMxFM3UV62vUZdugkVwY52pgu2u6KbLCvYB7Vgy6W0bmsmMSaZQhm7d+CtuXCji1j9w59+YPgSfBwKHc+7h5h4/4kxpx3m3UguLS8sr6dXM2vrG5pa9vVNTYSwpVGnIQ9nwiQLOBFQ10xwakQQS+Bzq/uBi4teHIBULxZUeReAFpCdYl1GijdS2cWtIJESK8VDgFtzEbIiPcKsT6qQ8Pi5f59t21sk5xYJzUsS/iZtzpsiiOSpt+82kaRyA0JQTpZquE2kvIVIzymGcacUKIkIHpAdNQwUJQHnJ9JIxPjBKB3dDaZ7QeKp+TSQkUGoU+GYyILqvfnoT8S+vGetuwUuYiGINgs4WdWOOdYgnteAOk0A1HxlCqGTmr5j2iSRUm/IypoTPS/H/pJbPuU7OvTzNls7ndaTRHtpHh8hFZ6iEyqiCqoiiW3SPHtGTdWc9WM/Wy2w0Zc0zu+gbrNcP+yuZ3g==</latexit><latexit sha1_base64="cs7oqQM8D7Y1ZKE5YQ496C+f/CA=">AAACCXicdVDLSgMxFM3UV62vUZdugkVwY52pgu2u6KbLCvYB7Vgy6W0bmsmMSaZQhm7d+CtuXCji1j9w59+YPgSfBwKHc+7h5h4/4kxpx3m3UguLS8sr6dXM2vrG5pa9vVNTYSwpVGnIQ9nwiQLOBFQ10xwakQQS+Bzq/uBi4teHIBULxZUeReAFpCdYl1GijdS2cWtIJESK8VDgFtzEbIiPcKsT6qQ8Pi5f59t21sk5xYJzUsS/iZtzpsiiOSpt+82kaRyA0JQTpZquE2kvIVIzymGcacUKIkIHpAdNQwUJQHnJ9JIxPjBKB3dDaZ7QeKp+TSQkUGoU+GYyILqvfnoT8S+vGetuwUuYiGINgs4WdWOOdYgnteAOk0A1HxlCqGTmr5j2iSRUm/IypoTPS/H/pJbPuU7OvTzNls7ndaTRHtpHh8hFZ6iEyqiCqoiiW3SPHtGTdWc9WM/Wy2w0Zc0zu+gbrNcP+yuZ3g==</latexit><latexit sha1_base64="cs7oqQM8D7Y1ZKE5YQ496C+f/CA=">AAACCXicdVDLSgMxFM3UV62vUZdugkVwY52pgu2u6KbLCvYB7Vgy6W0bmsmMSaZQhm7d+CtuXCji1j9w59+YPgSfBwKHc+7h5h4/4kxpx3m3UguLS8sr6dXM2vrG5pa9vVNTYSwpVGnIQ9nwiQLOBFQ10xwakQQS+Bzq/uBi4teHIBULxZUeReAFpCdYl1GijdS2cWtIJESK8VDgFtzEbIiPcKsT6qQ8Pi5f59t21sk5xYJzUsS/iZtzpsiiOSpt+82kaRyA0JQTpZquE2kvIVIzymGcacUKIkIHpAdNQwUJQHnJ9JIxPjBKB3dDaZ7QeKp+TSQkUGoU+GYyILqvfnoT8S+vGetuwUuYiGINgs4WdWOOdYgnteAOk0A1HxlCqGTmr5j2iSRUm/IypoTPS/H/pJbPuU7OvTzNls7ndaTRHtpHh8hFZ6iEyqiCqoiiW3SPHtGTdWc9WM/Wy2w0Zc0zu+gbrNcP+yuZ3g==</latexit><latexit sha1_base64="cs7oqQM8D7Y1ZKE5YQ496C+f/CA=">AAACCXicdVDLSgMxFM3UV62vUZdugkVwY52pgu2u6KbLCvYB7Vgy6W0bmsmMSaZQhm7d+CtuXCji1j9w59+YPgSfBwKHc+7h5h4/4kxpx3m3UguLS8sr6dXM2vrG5pa9vVNTYSwpVGnIQ9nwiQLOBFQ10xwakQQS+Bzq/uBi4teHIBULxZUeReAFpCdYl1GijdS2cWtIJESK8VDgFtzEbIiPcKsT6qQ8Pi5f59t21sk5xYJzUsS/iZtzpsiiOSpt+82kaRyA0JQTpZquE2kvIVIzymGcacUKIkIHpAdNQwUJQHnJ9JIxPjBKB3dDaZ7QeKp+TSQkUGoU+GYyILqvfnoT8S+vGetuwUuYiGINgs4WdWOOdYgnteAOk0A1HxlCqGTmr5j2iSRUm/IypoTPS/H/pJbPuU7OvTzNls7ndaTRHtpHh8hFZ6iEyqiCqoiiW3SPHtGTdWc9WM/Wy2w0Zc0zu+gbrNcP+yuZ3g==</latexit>

* FLRW limit is not ✏ ! 0
<latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit><latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit><latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit><latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit>

but ✏ ! 0
<latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit><latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit><latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit><latexit sha1_base64="FB9NyoASyHNCwzlk2Lwa1NlA2uI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkATy2Y7aZduNmF3o5TQ/+HFgyJe/S/e/Ddu2xy09cHA470ZZuaFqeDauO63s7K6tr6xWdoqb+/s7u1XDg5bOskUwyZLRKI6IdUouMSm4UZgJ1VI41BgOxzdTP32IyrNE3lvxikGMR1IHnFGjZUefEw1F4kkvkmI26tU3Zo7A1kmXkGqUKDRq3z5/YRlMUrDBNW667mpCXKqDGcCJ2U/05hSNqID7FoqaYw6yGdXT8ipVfokSpQtachM/T2R01jrcRzazpiaoV70puJ/Xjcz0VWQc5lmBiWbL4oyQeyL0whInytkRowtoUxxeythQ6ooMzaosg3BW3x5mbTOa55b8+4uqvXrIo4SHMMJnIEHl1CHW2hAExgoeIZXeHOenBfn3fmYt644xcwR/IHz+QPQcpIL</latexit>

+ late time limit. 

if Ai
j = O(✏)

<latexit sha1_base64="wa79miWYh0Wvcke1JFu3lBcKgtw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlE0I1QdePOCvYBTQyT6bQdO5kJMxOhhGzc+CtuXCji1n9w5984bbPQ1gMXDufcy733hDGjSjvOtzU3v7C4tFxYKa6urW9s2lvbDSUSiUkdCyZkK0SKMMpJXVPNSCuWBEUhI81wcDnymw9EKir4rR7GxI9Qj9MuxUgbKbD30vM7mgX38AymHkYMXmdlj8SKMsEPA7vkVJwx4Cxxc1ICOWqB/eV1BE4iwjVmSKm268TaT5HUFDOSFb1EkRjhAeqRtqEcRUT56fiLDB4YpQO7QpriGo7V3xMpipQaRqHpjJDuq2lvJP7ntRPdPfVTyuNEE44ni7oJg1rAUSSwQyXBmg0NQVhScyvEfSQR1ia4ognBnX55ljSOKq5TcW+OS9WLPI4C2AX7oAxccAKq4ArUQB1g8AiewSt4s56sF+vd+pi0zln5zA74A+vzBw11l6M=</latexit><latexit sha1_base64="wa79miWYh0Wvcke1JFu3lBcKgtw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlE0I1QdePOCvYBTQyT6bQdO5kJMxOhhGzc+CtuXCji1n9w5984bbPQ1gMXDufcy733hDGjSjvOtzU3v7C4tFxYKa6urW9s2lvbDSUSiUkdCyZkK0SKMMpJXVPNSCuWBEUhI81wcDnymw9EKir4rR7GxI9Qj9MuxUgbKbD30vM7mgX38AymHkYMXmdlj8SKMsEPA7vkVJwx4Cxxc1ICOWqB/eV1BE4iwjVmSKm268TaT5HUFDOSFb1EkRjhAeqRtqEcRUT56fiLDB4YpQO7QpriGo7V3xMpipQaRqHpjJDuq2lvJP7ntRPdPfVTyuNEE44ni7oJg1rAUSSwQyXBmg0NQVhScyvEfSQR1ia4ognBnX55ljSOKq5TcW+OS9WLPI4C2AX7oAxccAKq4ArUQB1g8AiewSt4s56sF+vd+pi0zln5zA74A+vzBw11l6M=</latexit><latexit sha1_base64="wa79miWYh0Wvcke1JFu3lBcKgtw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlE0I1QdePOCvYBTQyT6bQdO5kJMxOhhGzc+CtuXCji1n9w5984bbPQ1gMXDufcy733hDGjSjvOtzU3v7C4tFxYKa6urW9s2lvbDSUSiUkdCyZkK0SKMMpJXVPNSCuWBEUhI81wcDnymw9EKir4rR7GxI9Qj9MuxUgbKbD30vM7mgX38AymHkYMXmdlj8SKMsEPA7vkVJwx4Cxxc1ICOWqB/eV1BE4iwjVmSKm268TaT5HUFDOSFb1EkRjhAeqRtqEcRUT56fiLDB4YpQO7QpriGo7V3xMpipQaRqHpjJDuq2lvJP7ntRPdPfVTyuNEE44ni7oJg1rAUSSwQyXBmg0NQVhScyvEfSQR1ia4ognBnX55ljSOKq5TcW+OS9WLPI4C2AX7oAxccAKq4ArUQB1g8AiewSt4s56sF+vd+pi0zln5zA74A+vzBw11l6M=</latexit><latexit sha1_base64="wa79miWYh0Wvcke1JFu3lBcKgtw=">AAACBXicbVDLSsNAFJ34rPUVdamLwSLUTUlE0I1QdePOCvYBTQyT6bQdO5kJMxOhhGzc+CtuXCji1n9w5984bbPQ1gMXDufcy733hDGjSjvOtzU3v7C4tFxYKa6urW9s2lvbDSUSiUkdCyZkK0SKMMpJXVPNSCuWBEUhI81wcDnymw9EKir4rR7GxI9Qj9MuxUgbKbD30vM7mgX38AymHkYMXmdlj8SKMsEPA7vkVJwx4Cxxc1ICOWqB/eV1BE4iwjVmSKm268TaT5HUFDOSFb1EkRjhAeqRtqEcRUT56fiLDB4YpQO7QpriGo7V3xMpipQaRqHpjJDuq2lvJP7ntRPdPfVTyuNEE44ni7oJg1rAUSSwQyXBmg0NQVhScyvEfSQR1ia4ognBnX55ljSOKq5TcW+OS9WLPI4C2AX7oAxccAKq4ArUQB1g8AiewSt4s56sF+vd+pi0zln5zA74A+vzBw11l6M=</latexit>

� ̇ = O(✏)
<latexit sha1_base64="Jczt7AtibHTx+RcUSsD+HRJVAa8=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaDEJuyKoI0QtLEzgnlANoTZyU0yZHZ2mbkrhCV/YOOv2FgoYmtr5984eRSaeODC4Zx7Z+49QSyFQdf9djJLyyura9n13Mbm1vZOfnevZqJEc6jySEa6ETADUiiookAJjVgDCwMJ9WBwPfbrD6CNiNQ9DmNohaynRFdwhlZq54/9Dkhk1O9EmPqxESN6SVOfM0lvR0UfrCIjddLOF9ySOwFdJN6MFMgMlXb+y77IkxAUcsmMaXpujK2UaRRcwijnJwZixgesB01LFQvBtNLJPSN6ZJUO7UbalkI6UX9PpCw0ZhgGtjNk2Dfz3lj8z2sm2L1opULFCYLi04+6iaQY0XE4tCM0cJRDSxjXwu5KeZ9pxtFGmLMhePMnL5LaaclzS97dWaF8NYsjSw7IISkSj5yTMrkhFVIlnDySZ/JK3pwn58V5dz6mrRlnNrNP/sD5/AESWpwH</latexit><latexit sha1_base64="Jczt7AtibHTx+RcUSsD+HRJVAa8=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaDEJuyKoI0QtLEzgnlANoTZyU0yZHZ2mbkrhCV/YOOv2FgoYmtr5984eRSaeODC4Zx7Z+49QSyFQdf9djJLyyura9n13Mbm1vZOfnevZqJEc6jySEa6ETADUiiookAJjVgDCwMJ9WBwPfbrD6CNiNQ9DmNohaynRFdwhlZq54/9Dkhk1O9EmPqxESN6SVOfM0lvR0UfrCIjddLOF9ySOwFdJN6MFMgMlXb+y77IkxAUcsmMaXpujK2UaRRcwijnJwZixgesB01LFQvBtNLJPSN6ZJUO7UbalkI6UX9PpCw0ZhgGtjNk2Dfz3lj8z2sm2L1opULFCYLi04+6iaQY0XE4tCM0cJRDSxjXwu5KeZ9pxtFGmLMhePMnL5LaaclzS97dWaF8NYsjSw7IISkSj5yTMrkhFVIlnDySZ/JK3pwn58V5dz6mrRlnNrNP/sD5/AESWpwH</latexit><latexit sha1_base64="Jczt7AtibHTx+RcUSsD+HRJVAa8=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaDEJuyKoI0QtLEzgnlANoTZyU0yZHZ2mbkrhCV/YOOv2FgoYmtr5984eRSaeODC4Zx7Z+49QSyFQdf9djJLyyura9n13Mbm1vZOfnevZqJEc6jySEa6ETADUiiookAJjVgDCwMJ9WBwPfbrD6CNiNQ9DmNohaynRFdwhlZq54/9Dkhk1O9EmPqxESN6SVOfM0lvR0UfrCIjddLOF9ySOwFdJN6MFMgMlXb+y77IkxAUcsmMaXpujK2UaRRcwijnJwZixgesB01LFQvBtNLJPSN6ZJUO7UbalkI6UX9PpCw0ZhgGtjNk2Dfz3lj8z2sm2L1opULFCYLi04+6iaQY0XE4tCM0cJRDSxjXwu5KeZ9pxtFGmLMhePMnL5LaaclzS97dWaF8NYsjSw7IISkSj5yTMrkhFVIlnDySZ/JK3pwn58V5dz6mrRlnNrNP/sD5/AESWpwH</latexit><latexit sha1_base64="Jczt7AtibHTx+RcUSsD+HRJVAa8=">AAACD3icbVC7SgNBFJ2NrxhfUUubwaDEJuyKoI0QtLEzgnlANoTZyU0yZHZ2mbkrhCV/YOOv2FgoYmtr5984eRSaeODC4Zx7Z+49QSyFQdf9djJLyyura9n13Mbm1vZOfnevZqJEc6jySEa6ETADUiiookAJjVgDCwMJ9WBwPfbrD6CNiNQ9DmNohaynRFdwhlZq54/9Dkhk1O9EmPqxESN6SVOfM0lvR0UfrCIjddLOF9ySOwFdJN6MFMgMlXb+y77IkxAUcsmMaXpujK2UaRRcwijnJwZixgesB01LFQvBtNLJPSN6ZJUO7UbalkI6UX9PpCw0ZhgGtjNk2Dfz3lj8z2sm2L1opULFCYLi04+6iaQY0XE4tCM0cJRDSxjXwu5KeZ9pxtFGmLMhePMnL5LaaclzS97dWaF8NYsjSw7IISkSj5yTMrkhFVIlnDySZ/JK3pwn58V5dz6mrRlnNrNP/sD5/AESWpwH</latexit>
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