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Inflation and gradient expansion

To connect prediction of inflation with olbservations,
we need to solve large scale evolution (k/aH << 1).

Useful method for C

Gradient expansion (GE) — delta N formalism

Salopekgrond (90) Starobinsky (82, £5),
Shibata § sasaki(90), sasaki § Stewart (95),
Deruelle § langlois (94),... Sasakl § Tanaka (98),

Lyth, Malik, § Sasaki (04),
... Lyth §rRodriguez (05)....
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Separate Universe approach ~ Mosaic art

SalopergBond (90)

Time flow
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Actual Landscape (Evolution equation which depends on time and space)

Copyright: Y. Aoki (KEK press)



Separate Universe approach ~ Mosaic art

SalopergBond (90)

Time flow

scale of interest
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Actual Landscape (Evolution equation which depends on time and space)

coarse-graining w/causal region
Mosaic art

Different region evolves independently.

at initial time

Copyright: Y. Aoki (KEK press)



Separate Universe approach ~ Mosaic art

SalopekgBond (90)

Time flow

scale of interest

Actual Landscape (Evolution equation which depends on time and space)
coarse-graining w/causal region
Mosaic art
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Assemble each pixel properly—=Compute the time evolution of each pixel
Copyright: Y. Aoki (KEK press)

at initial time



starob'msleg (82, £5),

delta N formalism sasaki § Stewart (95),

Sasaki § Tanaka (92),

Evolution of inhomogeneous Universe

= Evolution of glued numerous homogeneous universes

Scale of interest A >> Smoothing scale As ~ Size of casual patch - ¢

late —— G
/ —H ; & (C ~— w/
< = S — - t
: ISCaIe,oJ?;vd-ew-('
p— / A
Ny (5%) VA== s,
\/7 early
Fine-grained view Coarse-grained view
Solving PDEs Solving ODEs (Inhomogeneity: Different |Cs)

Geometrical (—model indep.&Non-perturbative) computation
((¢, X) < Compute the cosmic expansion a(te)/a(¢1)(=exp[N]) of each patch




Starobinsky (82, £5),
Sasaki § Stewart (95),

ON formalism sasaki § Tanaka (92),

Lyth, Malik, § sasaki (04),...

(ik) > 6N formalism lgl% gpa(t, :l:) = @a(t; {@a/(t*) _ g&a/ (t*, ZB)}/)
+

t t
GGeometrical relation

Y(t, x) = %/ dt'N(t', x)K(t', x)

iINhomogeneous e-folding numloer

spatial gauge w/Ni=0 3-dim spatial metric ~ gij = e Vij

G R T <~ reheating surface
/ — < ; & (= 7Fr/ w/uniform density
< I == N ce— == tz

homogeneous
e-folding

_— g Hubble crossing
= w/flat

N =

|C: Determined by QFT



Pros and Cons of oN

Pros

- Drastic simplification down to back-of-envelope computation
— Widely used to solve non-linear evolution

- Useful to develop intuitive understanding on generation mechanism of C

Cons €) Limited applicability

Sources Observables
Vv . .
s=0 scalar fields (inflaton,...) ——  density perturbation G s=0
% entropy perturbation (g - (g
s=1 U(1)/SU(N) gauge fields,... X PMF, Vector DM,.... s=1
X

5=2 GWs, ... S=2



A modern application 1: Impact of diffusion

V(o) Pattison et al. (2017, 2021), Ezquiaga et al.(2020).
A Floueroa et al. (2020), ...

Flgure from Pattison et al. (2017#)

>

¢0 ¢O + Aqbwcll

- Significant diffusion effect

- Interesting ballpark for PBH formation

- Deviation from Gaussian (Heavy tail)?

Can we characterize the heavy tail via 6N or we need “beyond”?
.... iIf so, when do we need the extension?



A modern application 2: Axionic inflation

1 1 , Qg ~ o 1 oo
£:—§ M¢aﬂ¢—‘/(¢)—1 MVF'LL _Z?F/U/F'u F'u :meﬂprU
axion ¢ may or may not be inflaton
- Monodromy inflation Characteristic power spectrum Stlverstein gwestphal (0g)

- Efficient preheating and GW production  Adshead et al. (2015, 2018, 2023),....

_ Mag netogenesis Garrveston, Fleld, CaYVOLL(ﬁ.ZZ), Funelll and GrUppuso (Roo1),...

Fujita et al. (2015), Adshead et al. (2016), Patel, Tashiro, Y.WU. (2019),...
. Large non—Gaussianity Barnaby and Peloso (2010), Barnaby et al. (2011),...

- Enhancement of primordial perturbations and primordial blackholes

Linde, Mooji, anol Pajer (2o012),.....



A modern application 2: Axionic inflation

. kcwe: Scale of interest, e.g., CMB scale
log(1/k) R Determines the GE parameter

/

gravitiational fl tuétions
tachyonic instability
for k < kn ~ aHg

’f‘ - @a%

KcvB

— ’ > loga
Akove LargeE dend deq

For k/aH = 1, impacts of gravitational fluctuations need to be taken into account.

(For preheating, important dynamics happens within each horizon patch.)



Iwo generalizations

1) Going beyond scalar systems w/ Tanaka ( 2021, 2023, 2024)

- From arbitrary (integer) spins to arbitrary spins
4

s=0 scalar fields (inflaton,...) . density perturbation ¢
v entropy perturbation (o - g
, v
S=1 U(1)/SU(N) gauge fields,... PMF. Vector DM, ...
s=2 GWs, ...
- Clarification of their validity From gradient expansion
2) Going beyond gradient expansion w/ Saha, Tada (iw prep)

Scalar fields system where impacts of subhorizon modes can e potentially
important. Incl. initial NG, ...



Separate universe

SalopeRgBond (90)

(¥r) Evolution of inhomogeneous Universe

= Evolution of glued numerous homogeneous Universes

Scale of interest A >> Smoothing scale As > Size of causal patch
t. ~ Cs/

late —

—

G : G X G
iY==y
i Bl . N\ e P =7 tx
\ | | 7

Scale of iwterst
< A

— = —s

evolve iIndependently

early

When (vx) holds?



wW/0 gravity

w/0 gravity (or for a fixed geometry)

[Locality] — (%)

e.g. canonical scalar field

é‘l‘3H§5-|—dV/d¢—l-Agb—l—---:O A: Laplacian
- H2

We can ignore spatial gradient, when the corse grained field only includes
k/a <H — smoothing scale As > 1/H — small parameter € =k/aH << 1

Alocality] —¢—= (%)
¢+ 3Ho+ Vg + p(A —p?) [VigVig] =0



w/ gravity

ds® = — a’dt* + gl-j(dxi + pldi)(dx + pdr) gij = €Y v;j

[Locality] —¢<—> (%
S = /dd+1xa\/§£ = /dd—HCL‘ Q \/§ [»Cg + »Cma,tter]

o( <L)

HC H = a\/_ =0 local gauge const.
a\/gZ)

MC H; = g/ﬁ_l non-local gauge const.

— Solving H; =0 gives rise to non-local terms.

e.g.,single scalar field, Bi=0 + 6¢=0

O; () + (-

N0 (- -



w/ gravity

a local theory w/gravity

fields in £ . > physical fields i@pnys}
solving all constraints non-local

e.g., MC %isa(a\/gg)/aﬂeo ()t ()0 ) =0

CS — — CG =~
Cs Cs
/ - C P = \-«—»V
( —_— Col N\, e = tl.
| | <

iy

acausal interaction T




(Generalization

Tanaka §Y.WU. (2021)

[Locality]

he Lagrangian is determined by a local function of
coarse-grained field{¢"}, i.e., L(z) = L [{¢"(z)}]

< "Non-locally” appears only appear by solving gauge constraints.
[sDiff]
The action remains invariant under the spatial Diff.

' — Z'(t, x)
' Solving MC does not cause any accusal ISSues.

Validity of (%) at the leading order of the gradient exp.

* The coarse-grained fields (metric & matter fields) should be x-independent.

Excluding Solid configuration, Spatially non-flat FLRW as 0th order of gradient exp.
For perturbative including of curvature see Artigas, shi, Tanaka (2024)



Recall QED

1 5 .
[ — 7 o B + matter fields F., =0,A, —0,A,

If a gauge constraint holds at one time, it holds at any time.

The same argument is also possible for other gauge const e.g., U(1) gauge const.



Derivation

Tanaka §Y.WU. (2021)

Spatial Diff invariance
' — e %zt =gt + £ 4. & = (0, £'(t, x))

0=10¢5 = /dd“ {%%(IH)JrZ ——0ep” + O(e )}
1

Other fields than lapse and shift
550{ — O, 5§ﬂl - — éi +

* bdry term vanishes since ‘Hi is a generator of sDiff.

Momentum constraint H.=adZ/ Oﬁi
- Hji=0 att=t Hi=0 at allt

- BEven If not, H,; = Cz/\/ﬁ X 1/Vphys

Generalization of Sugigama, Komatsu, § Futamase (12)  Garriga, Y.W., § Vernizzi (16)



starobiwsleg (82, €5),

ON formalism Sasaki § Stewart (95),

sSasakl § Tanaka (92),

C — — CS _— —
£ (& Cs
. ( ? &% (( —m
B——— N re— = t, =P ten(reheating)
| |

VA
Scale. of iwterst
classical A
- =r
/ @ Hy t, = t- (hOrizon crossing)

;1

quantum At t=t*, the dice was thrown, determining how probable each IC is.
. t=t" ~  deterministic (ODE) w/(3%)  t=twen
/(¥ ® :prob=1/2cH >

H: expansion ® :prob="1 /4<_>|—| >

._iModel dependence
IC which satisfies MC PDF of C at tren from PDF of ¢! at t*




Our generalization is naively....

Tanaka §Y.WU. (2021)

For a single field model of inflation

/\Ton—local form (from MC )

IC at horizon crossing: ¢, e , h+ , hy  + 3 shear DOFs 01,0203

Ni=0 + TT at t=t*

= CDaphys* (a:1, 2, 8,4)

AN(tr, X) = N(tr, xl) - <N(t)> = F[t; {Ponys }]
Dappys The mapping functional F becomes non-local.

M

e.g. in ultra-slow roll modes



Our generalization is naively....

Tanaka §Y.WU. (2021)

For a single field model of inflation

Non—local form (from MC )

IC at horizon crossing: ¢, e , h+ , hy  + 3 shear DOFs 01,0203

= CDaphys* (a:1, 2, 3,4)

Ni=0 + TT at t=t*

AN(tr, x) = N(tr, %) - <N(t)> = F[t; {D }]

Mapping function F becomes local, since equations to be solved are all local.
v Separate Universe is valid.

... while initial inputs oci= ci(®2pnys’) becomes non-local.



Story in scalar field systems

|”

Why we don’t face non-locality in “usual” examples ?*?

GR + scalar fields w/slow-roll Sugigama, Komatsu, § Futamase (12)

w/0 slow-roll  Garriga, Y.W., § Vernizzi(16)

MC is ensured by HC w/ exponentially decaying error.

Hi — OH = (-+)/Vphys

K : Expansion

e.g. single canonical scalar field in GR A’j : Shear
3 o
HGC —EKZ + ALAT + 162Gp = O(¢)
3 . ¢ ,
MC ~ 0K + VAT = 167G—0,p = O(e?)
a
(i, ) traceless shear A'; = (-++)/Vinys

The same argument does not work in the presence of vector/tensor fields.



Shear as O(€°)

Shear, A/j, has been assumed to be sub-leading order of gradient expansion.

e.9, Lyth, Malik, § sasaki (04)

ds? = — a’dt* + gl](dx + Bld)(dx’ + pdr)

B; = O(e), vij = O(8) —> A'; = O(e)

Sometimes this can cause a problem (e.g., in USR)...

canonical single field (6¢=0)

dt
Cr = Ci(k) + Ca(k) [ —— (k/aH <<1)
Weinberg's adiabatic mode Weinberg’'s second mode sSasaki § Tanaka (99)

qarriga, Y.-WU., § Vernizzi (16)

/dt ( e ) X (Shear) Tanaka § Y.WU. (21)

To have 2 independent solutions at O(€”), shear has to be O(€")
Dropping the shear can also cause an inconsistency in MC.



Generalized ON formalism for PGW

Tanaka § Y.U. (2021,2023, 2024)

C — — CS _— —
£ Cs Cs
. ( 3 &% (( —m
il N ee— = t, =P ten(reheating)
/ /

VA
Scale. of iwterst
classical A
- =r
/ @ Hy t, = t- (hOrizon crossing)

quantumt At t=t*, the dice was thrown, determining how probable each IC is.

;1

il =t~ deterministic (ODE) t=1ren
,r{' () :prob:1/2§<—>§0 > ©
% »
5 shear () :prob:1/4§<—>§0 > %

. Model dependence
IC which satisfies MC PDF of GW at tren from PDF of @ at t*



An application



Generalized ON formalism

D scalar fields ¢ (incl. inflaton) + D’ U(1) gauge fields A

D' f,(X17, 9")
Lomat = P(X", ¢") = ) 1 Faymwti, — +CSterm

a=1 (Sub-leading at large scales)

X1 = —8M¢13“¢J/2

+ general relativity

Yij (ta CE) — 7@]*(w) — 2 [’77,1* ’yjm* TL Z T 7-‘-(oé) z-(oz) (t {SOZ } ) + O( )

(O‘) (04) AN IOA(a) Spatial coord. gai=0

’ﬂ-(o‘) ’ ’7‘('(&) ‘ Ptot tx (Lapse) — t

T Lat dt”
(04) t {('0 } M2 eiw(t) e (t )f2 XIJ t” qbf(t”))

Ti(,): Conjugate momentum of A

Maxwell equation &gw%a) = O(¢)

Applicable to fully non-linear perturbations!



Model independent properties: Order estimation

Yij (t, ©) = %’j*(m) — 2 [y (x ’Y]m* TL Z 7T(og) I(oz) (t; { % } ) + Ofe)
Tla) Moy [ PA)
1T [T (a)] Ptot

- When paaphay/Ptot takes a large value during AN,

GW sourced by gauge fields becomes larger for a larger PLAN

Ptot

Namely for AN > O(1)

T(a) PA(a) t v O O Q O
5W(tf) ~ 57* + 0 /dN t
‘ﬂ_(a)‘ Ptot / @ @q — — »t

\/ ™ &"‘*"‘f
Ptot  PA(x) \ / /
-1/ AN J—
X PA(a)x Ptot / }d d — t
initial seed amp. conversion to &y L / T \ /




Model iIndependent properties : Linear polarization

z -
V e Condition for y+ and yx to have different spectrums”?
phase 0 "% n‘ % 211
Yij (tv ZC) — 775]'*( ) 2 [%,l* jm* TL Z W(a) I(Oz) [¢ ] + O(G)

T ...................
rs *
n a
= [ ]
]
[ ]
[ ]

0L, :
) 5¢ilntrinsic —I_E

D!

51-(@) ~

--------------------

Origin of linear polarization
- A large scale evolution (t- = t = tren) can generate the linear polarization,

when the backreaction of gauge fields on scalar fields ¢! become important.

¢I — ¢ilntrinsic T ¢£ourced [IOA(Oé)]

See also Fujita et al. (18)

Increasing gauge fields start to modify the evolution of ¢!



Prospects on future CM

Tanaka § Y. U. (2023, 2024)

5 experiments

inflaton+spectator+1 gauge field

Test of Cosmological Principle from PGW observations N

- e=10""

T iIsocurvature

more seed

— GW detectable Py/Pc > 103

Simons Observatory (2024 ~)
o(r) ~ 103

| Bound from <((>,<CCC>,...

0.050 0.100 0.500 1

0.005 0.010

ﬁA,asym

efficient conversion

Below dotted line = O(1) statistical anisotropy in GW

blue, green, red lines correspond to flzujq =1, 102, 10*



Imprints of multi-gauge fields Tanaka § Y.u. (2023, 2024)

k

A

T (background)

<Cy*>, <yt y*> « sin Y
el

T ()

For single gauge field models, one can choose W=0

<C VX>:<V+ VX>:O Soda, Kanno, & Watanabe (10)

For multi gauge field models, one can choose W1 =0, yet ngenea Wo, W3 ... 0
<CYy>, <yry> 20 = <Cy> 2z <Cy>

Counterpart of isocurvature for light scale fields



Outline

2) Going beyond gradient expansion w/ Saha, Tada (iw prep)

Scalar fields system where impacts of subhorizon modes can be potentially
important. (USR model)

Incl. initial NG, ...



PDF

Impact of non-Gaussian tail on halo mass function
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Diffusion effect

log(1/k) | (aH)- P
KcmB
kcme: Scale of interest, e.g., CMB scale
Determines the GE parameter
IC of &N . .

A A dend deq IOga

7y % %

%

Via the influence of later comers, the (superH) evolution becomes stochastic.
Not captured at the leading order of GE. For early stage work, see Y. Tanaka § sasaki.(200¢)

- Non-linear interactions (e.g., around the transition)
- Stochastic inflation from increasing superH modes



Stochastic approach

¢ = @R + Puv T = MR + TUV

k< oaH k> oaH

Langevin eq. Fokker - Planck eq.
¢& — iﬂ' -+ g L)-7(;1‘ t) = _9 oz, t)p(x, t)] + > [D(z,t)p(z,t)]
IR p— a3 IR ¢ atl N am }.‘.,.]_ (');7_:'3 LyL)P LT, L) .
Drift Diffusion

iR = —a°Vg(Pr) + &x ‘= O 1)

§s, & follows the Gaussian statistics determined by subH modes (k> ocaH )



Application of Lattice to USR

o Lattice to provide IC of 6N  cervaneeral Gr 2224

caravano, Fractolinl, Renaux-petel (24, 25)

- Dynamics of matter fields (¢, Ay ) are fully non-perturbative.
- Lattice does not directly solving ON.

- No metric perturbation

o Lattice to solve Fokker-Planck eq rizugueni, murata, tada(24)

- Lattice directly solves ON.
— Good for intuitive understanding likewise 6N formalism

— Easy to capture the effects of beyond GE (eg diffusion) in 6N

- Diffusion is assumed to follow Gaussian statistics at horizon crossing.

- No metric perturbation



Lattice-based ON beyond gradient expansion
(LattEfold)

Pawleaj Saha (KEK, PD) Yuichiro Tada (Rihlego U,)



Diffusion effect

Saha, Tada, Y.WU. (tn prep)

. Deviation from SR kome: Scale of interest, e.g., CMB scale
log(1/K) A Determines the GE parameter

KcmB _

Computation domain

P : : > |Oga
Aini d* dend deq

< >
dN = Hdt Bar: background

* Initial time is set during SR where initial Gaussian approx. holds well.
* Lattice is a classical simulation, so only tree level effects are included.



Uniform density slicing In lattice Saha, Tada, Y. (Gnpren)

N 1 N [ Ha

pr. given — Final time

Determines Nf(g;)

Solve N and p simultaneously.

e . - X, Y, Z (comoving)
0 (n/N)xL /@i

° Cf—5Nf Nf[x] <Nf[x]>

d (x N)
° _N(N -x) —
dN

éff = N(Nf(x), X) — (N(Nf(x), X))

Metric perturbation is only partly included. (Shear ignored.)



~OMs

Saha, Tada, Y.WU. (tn prep)

- (84+1)d Simulation of KG equation in perturbed flat FLRW w/N(¢, x) = In a(t, x)

dN
d 2 %4
ifl)=—3£_7zq,,+ _V¢ — _¢
dN H He?N H
L (7 (V) .
H(tx) = 3M2 ( > T e T V(¢)> : H(t) = (H(t, x))

Note: Metric perturbation is not consistently taken into account.

Synchronous gauge, ignoring shear (or 8ij TL).

d H(x,N) i
80;i = 0 : WN(N X) = q — Cf N(Nf(x) X) — (N(Nf(x),x)>

- ON gauge with N (t,x) = N(t) ignoring lapse and shear.

Cf 5Nf Nf[x]_<Nf[-x]>



Results: m2¢p?2 potential

Saha, Tada, Y.WU. (tn prep)

—*— (i = —HOG/6 f 107
----- Solving 6N : dN|[z]/dN = H(z, N)/H, |
| 1073 k

107t E

107° ¢

1070 &

10—10 1 1 1 1 III| 1 1 | 1 | III|
10* 102

k/m

ini**ini



Results: Strobinsky linear potential //

Vi) = {Vo + A (@ — @) for ¢ > ¢,

A, > A) starobiwsleg (92)
Vo+A_(p— ) for ¢ < ¢,

For analytic formula, see #»i gwang (23)

T T |
10_2 E_ -
1073 & |
1073 | :
S
A 107t E _
0t ON 7 w00k .
(=30 |
linear ] I ¢ = 5]\; ]
/ —e— Solving dN(z,N)/dN = H(z,N)/H, - 106 L =509 h |
: L | A A A oo . . . | | 7] E| TI | ] ] ] | ] ] ] | ] ] ] | ] ] ] | r ]
100 10! 04  —02 00 0.2 0.4
K G



Results: Strobinsky linear potential w/2 steps /

Passaglia, Hu, § Motohashi (18),....., PL § Sasakl (22),....
5 __ I T T T I T —]
i i n P N
60 -
o 1 0 _——\1 ————————————————————————— —_
L . _5 __ —
40 :_ ] ’0?00_10 . —
Q
z 30 [~ ] -
= —1o -
S
20 | ] = - ]
I ] <A ]
10 |- L . —25 | -
0F — . —30 | V .
L1 I I I | I I I | I I I | I I I | I [ _35 — | | | | | | | | | | | | | | | | —_
0 2 4 6 8 10 2 4 6 8 10




Summary : 2 generalizations

1) Going beyond scalar systems

- From arbitrary (integer) spins to arbitrary spins Tanaka § Y.U. (2021, 2023, 2024)
v

s=0 scalar fields (inflaton,...) —_— density perturbation ¢ 50
v entropy perturbation (o - g
, o/
S=1 U(1)/SU(N) gauge fields,... PMF. Vector DM, .... =1
s=2 GWs, ... s=2

2) Going beyond gradient expansion (k/aH =1)

Beyond gradient expansion, Incl. initial NG, ... w/ Saha, Tada (iw prep)

(Metric perturbation is not yet fully included.)



Supplement
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Current test of isotropy

for test of homogeneity, see analyses in LTB model, e.g., Alnes &Amarzguioui (06), Kolb&Lamb(09), Saito, Ishibashi, & Kodama(10),...

GIWW in the spectrum of the primordial density perturbation

Imprints on CMB

Soda, Kanno, & Watanabe (10)
- Non-trivial (I, m) dependence
Patk) = Pl |1 42 (k- 0| el e X Y= &T/TE B

Ciitom — Ciluw for g=0

- {af a5’ )) # 0 enen w/o PGWs.

Upper bounds on g-=g(k+) ~ 10-2

WMAP13  kim & Komatsu (10) P(k) = Po(k)[1 4 gu(k - Eq))?] g« = 0.002 £ 0.016 (68% CL)
PLANCK18 Prk) = PoK) [1 + gk (k- &)2] g* < 0.01 for q=-2, -1,0, 1, 2

g(k) = g.(k/k.),

BOSS DR12(LSS)  sugyana, sniasti, oxurnura (17) ~ factor 2 weaker than CMB



A benchmark model

P — :
(energy density) Oinf ! —
PA, asym
. N
Model building is possible w/a sizable coupling generically under slow-roll approx.
Qb Tanaka and Urakawa (24)
eg fOI’ In f(gb) — M—l )\ > 1/\/§ See also Fujita et al. (18)
p

Even for pa/pint<<, the backreaction can become important.



L attEfold

LattEfold (Lattice Evolver in e-folds) by Pankaj Saha (KEK)

- Implementation: Written in C++ with OpenMP parallelization, built
from scratch to solve field equations in terms of e-folds.

- Straightforward inclusion of additional fields (scalars, U(1), etc...)
and the ignored shear (~ computation of GWs).

- Lattice size tested: N= 2563 on PC and 5123 on cluster.

- Lattice directly solves ON.
- Fully non-linear dynamics (incl. non-Gaussianity at horizon crossing)

- Shear, MC yet to be checked



Sta robiwsl?,(tj (82, 85),

Sasakl § Stewart (95),
Sasakl § Tanaka (92),

6N fO 'l a| ism Lyth, Malik, § Sasaki (04),

Lyth § Rodriguez (05), ...

reheating surface

Cs —_— = Cs G e =~ G . .
/ e (G a: 4 R 2N w/uniform density
F = B —— N ek — — i
— ] 1 2
{Scde, of interst /
A
P — —>

— Hulbble crossing
homogeneou @ P pm t of CMB scales
e-folding \ //

Inhomogeneity is described by different ICs for homogeneous small universes.

1. Compute correlates based on QFT in curved space.

2. Assign |C of (¢, ',...) for each small universe as a random variable
with the statistics determined by quantum correlators.

3. Solve the ODEs (classical eoms) for each IC.

— primordial density perturbation <C((>, <C((>,..... (+isocurvature)



generalized oN (gdeltaN) formalism

Tanaka § Y.WU. (21)

— - - reheating surface

Cs — s Y . .
T (@Er’ 7.0 . w/uniform density
< ] == /] > > e = tz

Scald of interst

\ /i//
Inhomogeneity is described by different ICs for homogeneous small universes.
1. Compute correlates based on QFT in curved space, satisfying all egs.

2. Assign IC of (o, |‘|q>.) for each small universe as a random variable

with the statistics determined by quantum correlators, using {Qpays, Qauxi}
where ¢auxi can be eliminated by solving MC.

3. Solve the ODEs w/o MC for each IC.

~ primordial density perturbation <CC>(yy> )< yyyd). ..

e Hubble crossing
a7t of CMB scales




Noether charges in separate Universe

Tanaka §Y.WU. (2021)

Infinitesimal transformation 2" — " = 2" + M*;(x) 2’

Cs
E&-M’“;‘ < |M¥|

. gLl
0 — /dd_HZC [MZZN\/§£+H5MN—|— (8;/7 )5M923 —|—7T7"75Mgzg
i

volume change

J(N,/qL)
+ Z 8 f 5M90matter + Z 7-‘-lrlrlatter&fwSpmatter]

matter

e.9. Onmgij = Gij(t, T) — gij(t, ') = —M"igy;(t, a*) — M"gir(t, ) + O(M?, ¢)

i _ O(NVgL) o« _ IWNVGL)

= . matter — 8¢?natter

agij

—> 0= /ddeMij(a’:)

. : 00 pr %
N\/§£ 5‘77; + ék (—271“77; + Z W%atter ]\g;\’}g#ter> + O(e)
« J

TL

= sz'(w)

' do . tter
—> Noether charge (density) 837G |27 + Y mraer— a2 + O(e)

oM,

7sz' ~ \/EA;



Spatial gauge condition

(d+1)-dim spacetime

ds® = —N?dt* + 9ij (dlljz + det) (d:lj] -+ det) Gij = eV vi;  detly] =1

Residual gauge

N;=N; —dilg;; (2" = & =2’ + 6z')

1 . g
Extrinsic curvature  K;; = ﬁ(gij — D Nj — Dsz‘) K = g" K;;

. d .
trace: Expansion of volume K=

. - L .
traceless: Shear Al = 7™ ms

when A% o< 1/Vipys ~ 1/a® | 0;7v;i(t, x) =0, Y — ¢ atlinear.



Non-trivial example

L(x) =+ g"0ix05x/2 + xFy(d(x)) + -+,

X: Lagrange multiplier

_ Nl\/gﬁi(gijN\/gan(x)) = Fy(¢())

Solving constraints gives rise to non-local contributions




H; — OH = ( " )/Vphys

qarriga, Y.W., § Vernizzi (16)

GR S = / d™ e/ =g P(X", ") X' = —(9,0'0"¢7)/2
2 2k 2 I J 72 2 9 = & 9
K :d(d—l) (PrrKOn¢ Ong” — d°P) + O(€?), N = 20
2
ONK = ——— K Prox¢' one” + O(e),

d—1
KOy (PryKon¢”) + dK?Prjone”’ — d?(0P/0¢') = O(€?)

1{2

MC 0; K = T 1KP](]8/\/’¢187;¢J + O(CLES)

/{2

IHC O = ———KP, 7ONn®' 0197 + B; + O(ae®)

= T Do (@i (O 0 (Prady¢”) = Ox (Prion¢”) 0ig'] a”'B; = O(€’)



Shear as O(€°)

Tanaka §Y.WU. (2021)

GR+ Lupatter = P(X, ¢) = —0,00" ¢ spatial gauge w/Ni=0
1—-d_ o ;
HC TK + A% AJZ + 167Gp = O(e)
1 ¢
MC (a—1)aK+VAJ — 167G Px - 0;¢ = O(e 2)

Noether — A'j =—Q";/\/g

1

. 1 . 1
at linear perturbation, &¢=0 A’ ~ 50" A ~ 50 <8m8j6‘2— admj> X

— =i o+ 2% 00 e
4d c? =X - e=-H/H

—  if A% = O(e) 51 = O(e)

*FLRW limit is not ¢ — 0 but € — 0 + late time limit.



