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Inflationary potential and primordial black holes
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Primordial black holes
Zel'dovich & Novikov [1967]

Hawking [1971]
Black holes which could have formed in the early Universe through a non-stellar way.  Carr & Hawking [1974]

They may have important astrophysical and cosmological roles :

AN B,
. . { g,
— They could be a fraction, or the totality, of the Dark Matter “32&) ’@‘
M=10"7—102g). o
( g) star densit;fluctuations

in the early universe

—> They may explain the existence of progenitors for the merging events
observed by LIGO/VIRGO.

astrophysical BH primordial BH
— They could be the seeds of supermassive black holes in galactic nuclei.

— They could generate cosmological structures.



Primordial black holes

PBHs may originate from peaks of the density perturbations generated in the early universe.
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Cosmological perturbation theory

(X, 1) = 8ull) + 5gw(’_é’t) small quantised

homogeneous A |
P&, = ¢P) + Sp(x, 1) fluctuations

background part
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CMB scales: density fluctuations
are small.

XK Small (PBHs) scales: density
fluctuations are large.

Quantum field theory in curved spacetime: observational predictions

observational constraints
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P ki) ~ 2.1 %107
ng = 0.9649 = 0.0042

r < 0.056
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Planck 2018 results. X. Constraints on inflation




Large perturbations from inflation: non-perturbative framework

Separate universe approach

At large scales the Universe is an ensemble of independent, locally
homogenous and isotropic Hubble-sized patches.

Salopek, Bond [1990]
Sasaki, Stewart [1996]

: : : Wands, Malik, Lyth, Liddle [2000]
Curvature perturbation { is the local amount of expansion:

((t,X) =N@,X)—N@ =6N 6N formalism N, %) = log[a(t, X)] |
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((t,X) =N@,X)—N@ =6N 6N formalism N, %) = log[a(t, X)] |

Stochastic inflation A. Starobinsky [1986]

P (N, X) = Jd% W (

) pr(Vy e ag +hc

ca(N)H
(6aH)™ Stochastic classical theory for @,
-» Stoch. Infl.
dop. V
k™! = = () | ch(N) V(¢) . Inflationary potential
dN 3H? 21
----------- » Cosm. Pert. Theory , , ,
’ classical quantum ¢(N) : White Gaussian noise
N — 1 . . .
ogd drlft dlfoSlon <§(N)> — O, <5(N)§(N,)> — 5(N— N/)
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Stochastic-o/N formalism "

Duration of inflation becomes a stochastic variable: A4

Distribution function for the duration of inflation ( first-passage time ):

0 V0 H* o
——Prpp(N, §) = A a¢PFPT(/V’ ) - 2 a¢2PFPT

d/’/, (/Vv ¢) ¢end

Statistics of ¢ from the statistics of 1 {(X) = /' (X) — (AN}

exponential tails

Pepr(WV, @) ~ ag(@) e ~ho ¥

Cannot be captured by perturbative

B AN
PFPT(/V’ (D) — Z an(cb)e s 0 < AO < Al < '"An —

n

for large values of

parametrisations ( fyr, nr.,... €xpansion).
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Duration of inflation becomes a stochastic variable: A4

Distribution function for the duration of inflation ( first-passage time ):

"0 H?* 0?2

0 V
WPFPT(‘/V’¢)= A a¢PFPT(/V’¢) | 2 a¢2PFPT

(/Vv ¢) ¢end

Statistics of ¢ from the statistics of 1 {(X) = /' (X) — (AN}

exponential tails

Pepr(WV, @) ~ ag(@) e ~ho ¥

P(C) Cannot be captured by perturbative

B AN
PFPT(/V’ (D) — Z an(cb)e s 0 < AO < Al < '"An —

n

for large values of

parametrisations ( fyr, nr.,... €xpansion).

extreme objects (as primordial black holes)

/ sensitive to tails

PBH abundance: /= J P()dC
Ce




Going beyond: challenges in the stochastic-0/N formalism

When we take a single Langevin realisation, we follow one worldline to its final patch.

Repeating this many times lets us reconstruct the statistics of .

Is the information about the spatial arrangement of patches lost? How to describe spatial correlations?
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Is the information about the spatial arrangement of patches lost? How to describe spatial correlations?

~———3 Coarse-graining at arbitrary scale R
(PBHs mass functions, statistics of density contrast, compaction function,...).

X ¢ ‘ .. o
‘ o . . . ...° ;‘.-. o® ® ¢ o’
—% Clustering properties of PBHs in presence of non-perturbative e "% i A
non Gaussianities (quantum diffusion). % B | e @ o o
:..' d o ) o ° >
e® ". o ® . ® ‘
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clustered vs non-clustered spatial distribution
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Spatial reconstruction: beyond one-point distributions

In the separate-universe framework, distance between two final Hubble patches encoded in the time at which
their worldlines became stochastically independent.

Vennin, Ando [2021]
Tada, Vennin [2021]
Animali, Vennin [2024]

>
physical scales

ch,Rl.(J_C)i) — CRI.(J_C)Z') = [E};i[«/’/goo(})] — _;O[/’/@O(})]

N (X)) =N goe%@?)ﬂ' N g p(X) + N (X))

» Shared history




Vennin, Ando [2021]
Vennin, Tada [2022]

Backward-approximation approach

Field value at the splitting patch is the field value at a fixed backward number of e-folds N,,. V1
1 2472
o0 stochastic Y 2" ’
(@..N..) = Peo(Np, ) JO dNP((D*aNl (I)O,()) flat classical
P bw\ x5 LVhw) = L EPTU Vpys % 0 ., region
J N, ANt Prpr(Nigr Po) Vo
Dend Cllﬁweu g?)

Statistics of coarse-grained fields:

P(Cg) = J dD Py [P | Ny (R)] Ppr oo, [Cg — (A (D)) + (N (D)) ]

Q
1000000 = o 1
i w N /1> = 1/4 2 4
-== Exact ---- Approx.
o~ " _ 001
< S
5 107 :
= =104
A, 1071 10
1018} 1076 AN
0 2 4 6 8 10 0.01 0.10 1 10 100



Animali, Vennin [2024]

Forward and backward statistics

Relation between field values and physical distances encoded in the separate-universe structure of a universe
which inflates stochastically.
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Forward and backward statistics

Relation between field values and physical distances encoded in the separate-universe structure of a universe
which inflates stochastically.

V=| dzed»® = [ewm]
“@*
P(V|®.)P(D.| D P(V|®.)P(D.| D
P(QD*IV,CDO):(l )P( Io)= (V| ®.)P(D: | D)
P(V) | dD.« P(V| ©.)P(D+ | D)

W=EY, [Va@®]| =V 2O, 7dx=V"Eg. [e” 2.0 %(55)] Ce =E5 (N ) —Eo (N ) =N g o, + W—E5 (N z)

J Py
/ Solutions of Fokker-Planck, adjoint Fokker Planck equations
i . P(V,W|®D.) | .
P(Cr) x P(N g 0., WV, ®p) = | dDLP (N 5 0 )Ppp( P, N o . 5 | DPp) POV > Not straightforward to compute analytically
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Volume weighting

Different regions of the universe inflate by different amounts '

they contribute differently to ensemble averages computed by local observers on the end-of-inflation hypersurface.

VAR VAR
.'

Q\‘

el
ONe¢ G
.. “‘\ Pend

(O
2y
Distributions with respect to which observable quantities are defined should be volume weighted.
P FPT,cbO(/V )e>!
Pepr @0(/’/) = o
Jo AN Pepr o (A) e
Ceo®) = N (X) = Eg, (N ) P(Cee | @) = Pepr g, (Cop + Ep (V' )

For Pepr ¢ () e ™ and A < 3 the volume-weighted distribution is not well-defined. “eternal inflation”

Animali, Vennin [2024]

11



Large-volume approximation: one-point distributions

Animali, Vennin [2024]

V= VO
10% 3
_ —— z,=0.8
1 l ' T, = 0.6
1075 Il\ x, = 04
INU —t— 2z, =0.2
A\
: : : R R : — 2
/EE 100 : : i analytical | | 7T COS [\/g(l .X>x<) //t:| [3— m _7;*)2”2] {CR + 2#_3(1 — X.)tan [\/g,u (1 — X*)] }
~ i Tail behaviour:  P({p) ~ — e
AL o i L (1 —x:)* p . . .
5 it exponential-tail profile
1072 5 E i ii
108 N | |
—1.0 —0.5 0.0 0.5 1.0 1.5 2.0
CR
v = vyl + agp/Mp,) v = voll + ag/Mp)
_ y —— 2.=0.38 ' 2 —— 2, =0.8
100 - dﬂ = 125 T, = 0.6 10° - d//‘ = 50.7 z, = 0.6
] . = 0.4 R A . = 0.4
analytical /7._/:::- --——-::::: ---------- analytical
///, /,’, /// o \\\\5\ — 2 .
g 107 g 107 | aABPyen/ (VoMpy) = du” — oo
& = il e
N A i, - classical limit
107 5 // :" ™ | N 1072 5 ,I'I :"’ i
10—3 Ill ', T T T \\ \\ 10—3 ,' l‘: T L T T T
~1 1 2 3 —3 —2 ~1 0 1 2 3

12



. . . . . . Animali, Vennin [2024]
Large-volume approximation: two-point distributions

- 101 ! 10-1

analytical approx.

| numerical simulations
Lo results

1073
i
=~ s,
10-40 SN
~ =
s v
S R
10—5\_/ :U
[\)
SN—
1076
107
v =yl + ag/Mp)
20 -15 -1.0 -05 00 05 1.0 15 20 d,l/lz = 50.7
CR,
10° +
1 —+— C¢r, ~—1.73
1 —— ¢r, > —1.42
0.20 7 —l— CR2 ~ —0.87
+ 0.20 0 { === analytical
~
VR 1 —1
T 015 015 = o 10 <L
; S
T 0.10 ;;:.? ~ / X
— = 1
I} e
0.05 0.10 S ] /i
N——
QA 102
0.05
10—3 | | | | |
—2.5 —2.0 —1.5 —1.0 —0.5 0.0

Cr, 13



Clustering from quantum diffusion

Animali, Vennin [2024]

r)

1

Reduced correlation: Sy 4, (1) =

Pm, Pum,
* | ﬂzdz 2 72 | A
Ay X, X1) Ay X, X)) AN PY W 2 A0 a2 T2 =) —6|
FPT (Y xg)€
_av(xo, x1) ay(xp, X2) . )

P (CRlv Z:Rz) :ED(Z:Rl) P (gRISI

Reduced correlation: large-distance behaviour

10

¢ O  full result
100 Y 0 ¢ tail expansion
© o

0

0

10" 008888

S ® 6
_5 0

= 6

4 3 &

0.84 0.86 0.88 0.90 0.92 0.94 0.96 0.98 1.00
L x

Peculiar structure of the two-point distribution on the tail:

P(CRla CRz) ~ F(R, R, I’)P(CRI)P(CR) » E=F(R,R,),1)—1

Reduced correlation does not depend on the formation threshold.

— Universal clustering behaviour for all tail-born structures.

— In the large-threshold limit, Gaussian clustering is
suppressed by the ratio between the squared threshold
and the field variance: clustering is always larger when
quantum diffusion is included.
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Alternative way:
implement stochastic inflation on stochastic trees,

modelling inflationary expansion as a branching process

Animali, Auclair, Blachier, Vennin [2025]

15



Stochastic trees for inflation

16



Stochastic trees for inflation

Reference: single-field slow-roll model

d¢p _ Vip) H

dN 3H? 2xn

S(NV)

Langevin equation

(V) =0
(EN)S(N)) = 6(N — N')

White Gaussian noise

R = (6H)™!

O

(5

Hubble patch

16



Stochastic trees for inflation

de Vi) H

— = | N

dN 3H? 27:5( )
Langevin equation

Reference: single-field slow-roll model

veo (D

N =log(2)/3

elementary vertex

Children patches have no future causal contact:

separate universe implemented.

(V) =0
(EN)S(N)) = 6(N — N')

White Gaussian noise

R = (6H)™!

O

(5

Hubble patch
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Stochastic trees for inflation

R = (cH)™!
. . do Vi) H (E(N)) =0
Reference: single-field slow-roll model —Z — | N , ,
5 aN - T2 ™) EnEN) = st - N
Langevin equation White Gaussian noise Hubble patch

° stochastic tree
N=0
recursive iteratior;

elementary vertex o ° ° °
Children patches have no future causal contact: o o » o
separate universe implemented.

FOREST: FOtran Recursive Exploration of Stochastic Trees https:/doi.org/10.5281/zenodo.15235932 16

N =log(2)/3



https://doi.org/10.5281/zenodo.15235932

Stochastic trees: curvature perturbation at the end of inflation

Physical volume emerging from node i : V. = Z V(L))

O S
V(L)) e Hinj = AN)
5 S
Expansion from node i,

volume-averaged over the child leaves £, : W, = Z V(L)W i,

0000 e

Curvature perturbation coarse-grained over a single leaf:

(10 o O & we=r,-w

gi
o o Curvature perturbation coarse-grained over set of leaves
descending from a branching node:
(i =y X) = Z ViV i+ Ny =W = + W =W,
]ESZ

17



Harvesting primordial black holes

PBH formation takes place in region of high curvature.

Curvature perturbation ¢ is not a local quantity: CVJ,()_C}) =Ny_;— W,

Other cosmological fields are more suitable:

. 2(1 + 1 o .
O(X) = 5( N 3:;) YT V2¢(X)  (linear) density contrast
3(1 +
G (r) = 5(+ 3:) {1 —[1 + r@’(r)]z} compaction function

“Coarse-shelled” curvature perturbation proxy: Al(X) = ZRl()'c’) — CRz()_c’) Tada, Vennin [2021]



Coarse-shelled curvature perturbation (D

C;i = & —&; curvature perturbation in node [ relative to its local background i.

Concentric spheres approximation:

— 3
OIOIOIED 0 Vi=4/5mR
V, = 4/37R;
1Co) @ o
@ &

Nodes for which ¢; > ¢; . collapse into PBHs:

R, + 1 V
(i = 3log (—’) [1 —\/1 — <5 3w> C‘gc} = —log (—l> forw=1/3 and €. = 0.5.
, Rl 34+ 3w 2 Vl

o~ =0 it W, =W, balanced tree

2

%
16, = “(W,— W
Clz CZZ,C lOg(Vl/Vl) Vl ( [ m)

Collapse happens at asymmetric nodes.
N X2W-W,) V>V, P TePP !
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Application: flat-well toy model

v(g) V=1
absorbing
boundary é
” N < L 4
O 1

quantum well

'\
i reflective
+ boundary

¢end

|t P) =
| " cos[v/it ]

1y cos[/3u(1 — x)]

(V) = (e

cos(y/3p)

¢end + A¢well

>

¢

Pattison, Vennin, Assadullahi, Wands [2017]
Ezquiaga, Garcia-Bellido, Vennin [2020]
Animali, Vennin [2024]

X = (¢ — ¢end)/A¢well S [091]

Agp?

well
Va2
04" PpP1

=
1

cos[\/i_t,u (x—1)]

ﬂ2
(5%)
2

eternal inflation |
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Probability distributions over the trees

Forward statistics of the volume V and of the volume-averaged expansion W :

100_
10—2 -
10—4_

10—6_

P(V|¢*)

10—8_
10—10 -

10—12 -

— pu=0.89 —_— = |
u = 10-9 - u=0.85
N V4 | — = 0.89
10° 101 102 103 104 10—2 10—1 100 101
V W
V=312 .
P(V|¢p:) x e V777, Expected from “bacteria models” (Galton-Watson processes):
—3/2 : C | : :
Forp — pu. P(V) & V7%, Bacteria non extinction —# eternal inflation
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Probability distributions over the leaves

Volume-weighted first-passage-time distribution through the end-of-inflation hypersurface.
10Y - //’—_- ~
/, “\
/
1072 1
3* 10~% -
>§ 0.6 v
p=0.
Ay —6 _§. \
10 u=0.7 \
0=0.8 \
107° - u=10.85 \
u=0.89 \
10_10 T T TrrrT T LR T
102 101 10° 101 102
N
Peprx.(N) €™
Pepr,(N) = — Pepr o (W) = — 7l Qu)95(7t/2 xy e =7
FPT,x. 00 FPT.x: H )OI £ X, € )
Io dA Pprx.(N) €7 "
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Harvesting primordial black holes (D

@) @ )
() () @ ee@
O - BEOION - o@o@tm JOX -
OICJOIONOIDIOY - JOIOIOICONENCDY Gy G
(S Gy G G Y - o) Gy G () () @ G (o>
o) @ G (o> > EDICOICOEERCY - JNCHICD
N < G Y - JCOIC>
Gind G Gusod G Craosd  Gusr God G God o o) G
S G (o) God Gw) Cowd G Com) Good Cawsd - G oo
@@@@@@@ Giaed Gy G (o>

24004 28642 28643

Nested PBH formation along a branch analogous to the cloud-in cloud problem.

18

Only the highest (“oldest”) nodes are kept in the PBH inventory. Cloud-in-cloud effects naturally accounted for.
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Distribution of primordial black holes

Fraction of the universe at the end of inflation
that will eventually collapse into PBHs.

Mass distribution: M(R;) =~ MI%IRI-ZHend

A~

u=0.6
u=0.7
u=0.8
©=0.85
© = 0.89

100 c y = a8
: - —2
i _.—’. I 10
10~ < . 1073
|
l 10—
1072 - I § i
g :Eim—
g ~
E 10 : g 10—6
S~ 1 o
10—4 - | ?5 10~7
/ |
1 7 —-@® - FOREST : 108
1072 = ¢ P(Cr, > Cc) | —9
: l 10
: -7 He |
10_6 | | | | | lL IO
0.4 0.5 0.6 0.7 0.8 0.9 10

101 102
JWb%ﬁﬁZM

df/dlogM <« M™%, a =~ 2/3

103
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Compaction function and type I/type Il perturbations from stochastic trees

The compaction function can be reconstructed by considering three-node hierarchies (three generations):

3(1
@ @D
| @ O

. "
(D ‘ ; C = {1 —[1+ rC’(r)]}
' * a b S+ 3w
<> GO
. L
=y & . \ S \ , 1 ( dv d2v
= ﬁ .§®b oJe X L +rl'(r) =~

3 \dlogr d(log r)?

)
@ h \"‘@ ype I-1l perturbations can be distinguished.
@ -
felole) \:f
\\ \\ Ol
G5 G @D G G ¢ G G

@
In progress, with Auclair, Blachier, Tomberg, Vennin .
Prog 5 e 25
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Conclusions

Large perturbations from inflation should be described with non-perturbative methods, as the stochastic-0/N formalism.

A characteristic signature is the presence of non-Gaussian, exponential-type tails. Relevant for rare event (PBHs).

'he stochastic 0N formalism can be extended beyond one-point statistics.

In the stochastic framework, approximations are required to relate physical distances at the end of inflation
to the field-space configuration when those scales emerged from a Hubble patch during inflation.

Stochastic inflation can be efficiently implemented on stochastic trees, modeling the inflationary expansion as a
branching process.

Statistical properties of curvature perturbations and other cosmological fields embedded in the tree structure.

Stochastic trees are ideal tools to “harvest” primordial black holes, directly addressing the cloud-in-cloud problem.

Power-law behaviour followed by exponential tails characterises forward statistics over the trees and over the leaves,

and also the mass function of primordial black holes, in simple toy models.
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Open challenges

* Volume weighting leads to eternal inflation:

local observers only have access to a finite region around them, in which inflation has ended.
Can a formalism expressed solely in terms of backward quantities avoid eternal inflation?

Time-reversed stochastic inflation [Blachier, Ringeval 2025]

e How to go beyond analytically ( P(V), P(W) )? Creminelli, Dubovsky, Nicholas, Senatore, Zaldarriaga [2008]
Dubovsky, Senatore, Villadoro [2009]
I-p p End site : bacterium dies
Y N\ /N oo Yl p(V)
....... O—O——O—— e O |
1 : 1 7 0 Multi-type Galton-Watson process

power-law

Bacteria model of inflation

gaussian

| %4
From JHEP 0904:118,2009

» Ultra-slow roll, clustering, power spectrum... from stochastic trees.

In progress with Auclair, Blachier, Tomberg, Vennin 27
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Pattison, Vennin, Wands, Assadullahi [2021]
Ultra slow-roll model

v} V=1, Ady;

X = (¢ o ¢end)/A¢Well < [O’l] qu — WGZ:H
VoM
absorbing .. . .
boundary ) 5 R Initial field VelOCIty
qgantum well : Xr\eflective Tt d
T boundary Yy = Mo > Herit — T 3A¢W6H T = _¢
. Cri1 dN
; ; ,
¢end q’)end + A¢Well ¢
dx \/5
N 3y A S(N)
H y < 1 stochastic limit

dy y>1 classical limit



Ultra slow-roll model

Volume distribution Volume-weighted FPT distribution
10°17 % —— y=05
\\\N -y =
102 - \N\‘~\ —y =
\~~\ — y:
\~~\ — y:
104 - \\\ —— gy =5
= 1076 - T
Y — y=0.0 Rl Ny
—— y=0.5 TS
107° 9 —— y = 1.0
— y=2.0 \
107104 —— y=3.0
— y=4.0 3\
10124 ?/_35’20
i
10° 10! 102 103 105 —
14 102

Power-law behaviour P(V) « V=2 followed by exponential tails even for velocity y > 1.

Classical regime characterised by non-Gaussian tails where PBHs form.



Harvesting primordial black holes

(a) Without PBHs.

3.0

2.5

- 0.5

I | '
> G = g u
0.0
Qoo @ Qe (b) With PBHs.

- 1.0




Discretisation artefacts: branching times

Different branching prescriptions:

o @ 0 Node i grows up to a time aAN, then splits,

and the child branches are evolved independently

(e (n) Cer=(m) Ce )y N(n> for (1 —a)AN with 0 < a < 1.

split then grow grow then split hybrid

Large scale properties do not depend on the choice of a

Light test scalar field in a fixed binary tree

& N ©
l
@ D= & @

..... T A+

olololol ool Ialalalalalalolal
: d :

l J
d=|i—]

Nr

N>x<=NT

_AN. =N |log@d+D 1Ay
T log(2)

4 ; dpoH \°
@+ DV, =5ad/2) = d+1= (5

AN. = log(Hdp) + 10g(2_1_“/ 36)

dp.P(¢ | 1 NOP(Qy; | e ANDP(; by AN.)

P(¢;, Qb]) —

depends on a only through AN,

(a dependence reabsorbed in o)



Discretisation artefacts: branching times

1
Explicit example: light test field with V(¢) = —m?¢~ in de-Sitter universe

2
9= W, hin)1> _ n?
252 ) — . Y7
Gaussian solution for the stochastic problem:  P(¢|¢. ,N) = = PN, Pin) = Pine >
Starobinsky & Yokoyama [1994] \/27TS2(N) ) 3H? _2m%
s“(N) = ] —e 32
82m?
Ag,
_LAD. AD)T1.
| (CURYRD R N " )
P(¢, b)) = e Ag; = ¢, — PNy, )
\/ 2r)?det X
2 = (A7) = 2= <A¢j2> = 5°(Ny)
m2
% = (ApAg) = s3(No)e ™
. . o 3H* o
From computation In QFT + renormallsatlon, late-time l[imit: Zii — — zij X (Hdp) 3H2
N. A. Chernikov and E. A. Tagirov [1968] Srm
E. A. Tagirov [1973] in agreement with the above result

T.S. Bunch and P. C. W. Davies [1978]



Discretisation artefacts: branching surfaces

=

Y Y / Y
€T T

(a) AN: we divide the z-axis.  (b) 2AN: we divide the y-axis. (c) 3AN: we divide the z-axis.

Branching surfaces breaks the homogeneity of FLRW spacetime.
& R ©
< (52 © D Ny

65 G @85 G @05 @D @& @ @D T @O 1D GO D GO td

d

Topological distance Ag: not directly mapped to the geometrical distance d at the end of inflation.

AN.(i, ) hence P(¢,, ¢j) not just a function of |7 —j|: breaking of space-translation invariance.



Discretisation artefacts: branching surfaces

Two-point correlation at physical distance dp should be defined by averagmg over all pairs of two leaves
24T+ g1

distant by d on the end-of-inflation hyper surface 2(dp) = Z 2ivd -
2 — [=29T

29d if d <297
Counting function for the number of pairs:  f(d,q) = { 24r — 244 if 24r9-1 < g < 294 .

0 If d>2971

1 - - ¢ = lgr - In(@)/In(2)]

s (4 [ . AN 3H* e 9 i (it _ | 2 (e“—1)d(2%e" — 1) , i

= » - = T (e = = 2m*AN/(3H

(dp) = —— dqz::‘)ﬁ( O | (41— q) AN g |2 (e 1) oy a = 2m>AN/(3H?)
3H* _ 34 ) 2m* 3H* | 02 ] o2
At large distances (1l <K d <K< D = g« > 1): X (dp) ~ e’ | (cHdy) ° ~ 1 —e 32| (cHdp) 3"

5 ( 1 )X () 8w2m? | 2e4 — 1 (oHdp) 87w2m? (oHd)

- . a <1 ) -
(slow roll)

consistent with previous result
and with QFT computation



Large-volume approximation

Ensemble average over the set of final leaves

r OO

» Stochastic average of a single element within the ensemble

Vo(V)  P(V|®.) =5y (V— V(e o)) (eo) = | Pppp g (N)e™"dN
J0
(N> )
W — (W) W (Np )y = <;I)3/V¢*>

Cr(X) = N g, 0. (Xg) + W(Px) — [E;O[«/Vgso(i)]

» R Np g+ (Na)v— (Vo)

\\

P(CR‘(D()) —
J &

APty 5. (N pns. = Cr = (N o)y + (N o )y P | D)
\

\ &« 1 hypersurface of constant mean

forward volume

& first-passage time and location distribution

4 _ pV
PFPTL,(I)O—NS)*('/V(I)O—M\S)*’ (I)* ‘ (I)O) o PFPT,(I)O—>(§°*('/V(I)O—>S*)P((D* ‘ ‘/V(I)O—n\?*)

<63,/V¢*> — R3



Single-clock models
V()4

classical drift

® — ¢ : single-field models of inflation along a dynamical attractor (slow roll).
¥/ quantum diffusion

Hypersurfaces &'« of fixed mean final volume reduce to single points.

Backward fields become deterministic quantities.

Pep) = P F‘/PT,¢O—>¢* (z:R — (N gy

Becmranrs T

P(CRp CRz) — Jd*/’/¢0—>¢*(‘/’/¢0—>¢*)P}YPT,¢*—>¢1 (CRI o ‘/ngo—wﬁ* T <‘/V¢O>V o <‘/’/¢1>V> Pl}{PT,qb*—)gbz (CRQ - /V¢O_>¢* T </V¢O>V N <ﬂ/¢2>v> i

v _ P - R—— . —— . o




Power spectrum from the two-point statistics

Two-point correlation function of coarse-grained fields:

<CR1§R2> = dCRl dCRQP (CRlaCRz)CRICRz — <=/V Po— D+ Yv— AN Po— P+ = (6.4 0_>¢*>V = (6N 20>V <5=/V 2V

no dependence on the coarse-graining scales R, R, .

In Fourier space: ¢,(X;) _dk (7 e kX, W KR,
. X.) = -
P R | (amy32 K q
Jo
Ditferentiation w.r.t. r:
_ _ 2

@é’(k) — a]n " <CRICRZ> ‘ r=a,,/k — aln r(é/ng*) ‘ r=a.,q/k r=r+ Rl + R2
: .. — ‘ e N L
| _ T 0 3 0 . |
gjé(k) i 3 o In(e" ¢+) o In H(¢-) _ agb* <5/V >V‘< W pey1n=L 1 Send@) 0In N/0p ~ +/e,/2/Mp,
o fr V. Venninand A. A. Starobinsky [2015] Same expression at |l.o. in slow roll neglecting volume weighting

T. Fujita, M. Kawasaki, Y. Tada and T. Takesako [2013] and defining ¢ via (/') and not via <e3/’/>,



Comparison with the classical limit

Reduced correlation

4 )
% ‘k stochastic 30 - stochastic
35 - classical classical
25 1
30
VN 25 n /Q 20 -
~ ~
N—— *
= 20 - B 15-
2L E
15 A U
10 A
10 ~
5 —
5 —
0 T T | ‘» | 0 T T T | = ——
100 200 300 400 500 0.75 0.80 0.85 0.90 0.95 1.00
O H T L

larger distances r are covered in the stochastic calculation than in its classical counterpart

different relation between scales and field values: pelass — ,1/d Versus ploch — 9 (p34)113

max max

PBHs are correlated over longer distances once quantum diffusion is taken into account.

If £(x+, x;,X,) functions are compared rather than &(r, R, R,) the clustering profiles are similar:
field-scale distortion main reason for the large difference.



Stochastic-o/N formalism: exponential tails

Full PDF of the first passage time

Characteristic function ( includes all moments ):

00 »+00
1. ®)=(e"")=| PN, ®)dN —p Ly, D)= —ity(t,®) —p PN, D)= > e~ y(t, D) dt
Useful trick: pole expansion Fzquiaga, Garcia-Bellido, Vennin (2020)

Yo

),
y(t, ®) = Z X”(_ z?t - g(t, D)

n n

P(N, D) = Z a (@) e M 0<Ag <A <A, I

n

Tail of the PDF of /' (hence {) has an exponential fall-off behaviour.

This type of non-Gaussianities cannot be captured by perturbative parametrisations (such as the fy;, gng €Xpansion).



Going beyond

Is it possible to go beyond the large volume approximation?

Creminelli, Dubovsky, Nicholas, Senatore, Zaldarriaga [2008]

Bacteria model of inflation Dubovsky, Senatore, Villadoro [2009]

I-p p
m{_\/—\ _ / End site : bacterium dies
------- —Ql O Ol— \1/ %) Multi-type Galton-Watson process
1+ 1 1-

Bacteria live on discrete set of positions along a line, replicating into N copies at each time step.

Bacteria ——» Hubble patches

Sites —p» |nflaton values p(V)

Random hopping ——®» Quantum diffusion

power—law

From JHEP 0904:118,2009
Ditference in (1 — p) and p ——p Drift gaussian

exp—tail

Number of dead bacteria ——#» Final volume V. Vv



Forest: convergence test
Euler-Maruyama method with varying step o/V used to solve Langevin equations.

Using a too large 0Ng, overestimates the FPT.
AN = log(2)/3

10 3 10" 3
—— O0Ngy = AN/:-Ol
100 ——— §Ngy = AN/10? 10
—— §Ngx = AN/10° 101 1 T ——
.’Z‘\ 10-1 's_ﬁﬁ—bi —— 6Ngx = AN/10* g -
8 I N 102,
E Y LLH E ] ~In
Eﬂu 10—2 ; lgll:l:L‘—‘L]_ %:n . _ I 5Nﬁx _ AN/IOZ “‘i: =T
_ P 5N = AN/10? o
1077 %Lhﬁ 1044 — O0Nsx = AN/10° ;S
j | 1 . | —— 6Nz = AN/10° "h
—4 L H 1 _5 ! \
10 10° 2 x‘100 3 ><l1004 ><'100 | 6 x 10° 0 10° | | - | ll(l)l
v

v oo . . .
exact analytical result in the flat well exact analytical result in the flat well



Forest: convergence test

Varying step oN to limit probability of barrier crossing to 56 and to avoid double crossing that spoil FPT estimation:

3[22Mp)(¢p — Pena)]”

ON = min < 6Ng,, =5
" KV(e)
101
— Qo
10° Lo
— 20
i
‘Z 10_1 w"‘?!
:ﬁ -
2= 1072 2
10_3 3 | \
10~ : . e — '
100 {0 2x10° 3x10°4x10° 6 x 10° ,.
: N N
v v
exact analytical result in the flat well

exact analytical result in the flat well



