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Rμν −
R
2

gμν = 8πGTμν

∂tgμν = . . .

Covariant form

Initial value form

Numerical relativity for cosmologists

Arnowitt, Deser, Misner (ADM)

Baumgarte, Shapiro, Shibata, Nakamura (BSSN)



“time”

“space”
initial data ( )gμν, ∂tgμν

Fill using Einstein equation 
gμν(t + dt) = f(∂2

xgμν, gμν)

boundary 
conditions 
( )∂2

xgμν, gμν

non-trivial!

Numerical relativity for cosmologists



Numerical Relativity

“time”

“space”
initial data (Schwarzschild metric)

Fill using Einstein equation 
 (boring!)∂tgμν = ∂2

t gμν = 0

boundary conditions 
(asymptotically flat)

Numerical relativity for cosmologists



“time”

“space”
initial data (Schwarzschild metric)

Fill using Einstein equation 
∂tgμν ≠ ∂2

t gμν ≠ 0

boundary 
conditions 
(asymptotically flat)

Numerical relativity for cosmologists



Image credit: NSF
Small (cosmological) scales

Short (cosmological) timescales

Neglect expansion



Cosmology for numerical relativists

ds2 = − dt2 + a(t)2(dx2 + dy2 + dz2)
Universe is ~ spatially flat and homogeneous

Tμν = (ρ + p)UμUν + pgμν

H(t) ≡
·a
a

Hubble parameter = rate of expansion In ADM language: K = − 3H

(
·a
a )

2

=
8πG

3
ρ

··a
a

= −
4πG

3
(ρ + 3p)FLRW:



“time”

“space”
initial data (overdensity)

boundary 
conditions 
(asymptotically flrw)

δρ = ρ/ρ̄ − 1

ρ̄

Fill using Einstein equation 
∂tgμν ≠ ∂2

t gμν ≠ 0

Primordial black hole formation



Numerical Relativity with AMR
Figueras et al.

Roy et al., 2025 (In preparation)Dark matter around BBHs Cosmic strings with field theory + GR



Inflation

Reheating

Primordial black holes

Cosmological singularities, 
bouncing models,  
bubble collisions,  
phase transitions,  

topological defects…

For more see:  
Cosmology using numerical relativity [2409.01939]



Inflation



Inflation

V(ϕ)

ϕ

Explains why the universe is so homogeneous and flat

Mechanism for spectrum of scale invariant fluctuations

a(t) ∼ eHt



Inflation

ΩK = 0.0007 ± 0.0037

ns = 0.9625 ± 0.0048
dns

d ln k
= 0.002 ± 0.010

r < 0.036

βiso ≲ 𝒪(0.1)

| f local
NL | ≤ 1.25



Space of models
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Space of initial conditions
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Can inflation start?

Space of initial conditions



Space of initial conditions

L ∼ H−1
L ∼ H−1

Δϕ

Inflaton field: ϕ ·ϕ
Gravitational field: γij ·γij



Robustness of inflation

Initial conditions

Models

NR

Can inflation start from inhomogeneous initial conditions? 

What initial conditions/models of inflation work? 



- 1+1 NR simulations: Kurki-Suonio et al (1987)

- 1+1 NR simulations: Goldwirth & Piran (1990)

- 1+1 NR simulations: Shinkai & Maeda (1993)

- First 3+1 NR simulations: Laguna et al (1993)

- Axisymmetry with GWs: Shibata et al (1994)

Early work

Conclusion:  
Inflation works as long as there exists a 


homogeneous Hubble-sized patch

L ∼ 1/H0

More recently

- East et al (2016)

- Clough et al (2017)

- Aurrekoetxea et al (2019)

- Joana & Clesse (2020)

- Corman & East (2022)

- Garfinkle et al (2023)

- Elley et al (2024)

- Joana (2024)



Lesson 1: 
Small field more dangerous
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Lesson 2: 
Long wavelength more dangerous

L L



Lesson 3: 
Concave models more dangerous



NR + Theory + Observations

Model space: μ

In
iti

al
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Unsuccessful inflation

Successful 
inflation

e-folds

Large 
fluctuations

Small 
fluctuations

Large fieldSmall field

V(ϕ) ∝ [1 − eϕ/μ]2



Reheating



Inflation has to end… Reheating

- Parametric: if  periodic


- Tachyonic: if  probes 

ϕ̄(t)

ϕ̄(t) V′￼′￼ < 0

ϕ(t, x) = ϕ̄(t) + δϕ(t, x)

Resonances:  growsδϕ
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V(ϕ) ∝ [1 − eϕ/μ]2

Large field

μ ≈ MPl
Small field
μ ≪ MPl



- Planar 1+1 NR simulations: Parry & Easther (1999, 2000)

- Spherical 1+1 NR: Finelly & Khlebnikov (2001)

- First 3+1 NR simulations: Bastero-Gil et al (2010)


Early work More recently
- Giblin & Tishue (2019)

- Kou et al (2021, 2022)

- Aurrekoetxea, Clough, Muia (2023)

- Adshead et al (2024)

Conclusion:  
Fluctuations can grow

‘Oscillons’ can form

What is the spectrum of GWs?

Is GR important? Can BHs form?

from Aurrekoetxea+ (2025) 
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Inflation has to end… Reheating

Start simulations here
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δ ≡
ρ
ρ̄

− 1

[Aurrekoetxea, Clough, Muia (2023)]



δc ≡
ρc

ρ̄
− 1

°2
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µ = 0.01MPl

NR

FLRW
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∇μ ∇μϕ = V′￼(ϕ)

Rμν −
R
2

gμν =
Tμν

M2
Pl

··a
a

= −
ρ̄ + 3p̄
6M2

PlFL
RW

:
N
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Small field

Larger field

Lesson 1: Do we need backreaction?

  ·ϕ0 ≠ 0



Extract mass
Extract radius Lesson 3:  

Do we form BHs?



= 0.5Black holes:

= GM/R

Lesson 1*:  
Do we need full GR?

Maybe no…
∇2Φ = 4πGa2(ρ − ρ̄)

FLRW + Schrodinger-Poisson as Amin et al



Primordial BHs



From the CMB 𝒫ℛ(kcmb) = 10−9

𝒫ℛ(kpbh) ≥ 10−3

To produce PBHs, the power spectrum 
must exceed some critical threshold

???

PBHs from inflation



- Misner & Sharp (1964) and May & White (1966)

- Nadezhin et al (1978)

- Bicknell & Henriksen (1979)

- Baumgarte et al (1995)

- Niemeyer & Jedamzik (1999)

- Hawke & Stewart (2002)

- Green et al (2004)

- Musco, Miller, Rezzola (2005)

Early work

Conclusion:  
- 


- 
δcrit ≈ 0.3

MBH ≈ 0.1MH

1+1 

MISNER-SHARP / H
ERNANDEZ

- Shibata & Sasaki (1999) 1+1 BSSN

More recently

- Yoo, Harada, Okawa (2020)

- De Jong, Aurrekoetxea, Lim (2021)

- De Jong et al (2023)

- Escriva & Yoo (2024) 3+

1 B
SSN

- More 1+1 Misner-Sharp / Hernandez…

δρ = ρ/ρ̄ − 1

ρ̄

R ∼ 1/H

- Small spin BHs from non-spherical
- Small modification to the threshold δcrit



From the CMB 𝒫ℛ(kcmb) = 10−9

𝒫ℛ(kpbh) ≥ 10−3

To produce PBHs, the power spectrum 
must exceed some critical threshold

???

PBHs from inflation



To produce PBHs, the power spectrum must  
exceed some critical threshold

Ultra-slow roll inflation

V(ϕ)

ϕ

Hybrid inflation

V(ϕ, σ)

σ ϕ

PBHs from inflation



Aurrekoetxea, Barreto, Guth, Kaiser (2026?)

Given an inflationary model

Mpbh

Probability distribution of BH mass

Can we get   ?Mpbh ∼ (102 − 106)M⊙

Run  simulations𝒪(105)

*Not a real plot yet!*



Initial conditions from inflation
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δϕ( ⃗x )

δt( ⃗x )
ρ( ⃗x ) vi( ⃗x ) γij( ⃗x ) Kij( ⃗x )

ρ( ⃗x )

Tμν = (ρ + P)uμuν + Pgμν

Need GR Hydrodynamics ∇μTμν = 0



Initial conditions from inflation



Initial conditions from inflation
Random realisations

Spherical harmonic 
modes



Initial conditions from inflation

Focus on ‘rare’ peaks

Spherical harmonic 
modes



Initial conditions from inflation
Random realisation



Initial conditions from inflation
sphericalized sphericalized

Biased realisation



Initial conditions from inflation
R
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δt(r)

ds2 = − dt2 + e2Ht(r)(dr2 + r2dΩ2)

ρ(r) vi(r) γij(r) Kij(r)

IN
FL

AT
IO

N

De Sitter

K = − 3H

r



Small ‘bias’ peak Large ‘bias’ peak



Mpbh

Run  simulations𝒪(105)

Given an inflationary model Obtain the BH mass distribution

In progress…

Stay tuned



Cosmological singularities, 
bouncing models,  
bubble collisions,  
phase transitions,  

topological defects…

For more see:  
Cosmology using numerical relativity [2409.01939]

jaurreko@mit.edu

Thank you!


