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inflation provides initial conditions for cosmology

2
+ WMAP cartoon

large , homogeneous ,
isotropic , spatially - flat FLRW background

# primordial perturbations
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sufficient inflation (N = SHd+< 70)

generates density fluctuations on all scales



·as quantum inflatia
universe

-> In(a) = W = SHdt = Se

· quantum field fluctuations perturb local adiabatic expansion

-> adiabatic curvature perturbation
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diadensityperturbationsominflationa scale invariant
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primordial black holes

from very large (5-1)

very rare (PK10-9
density peaks



mordialblack holes Zeldoriche Novikov (1967)
,
Hawking (1971)

Harking = Carr (1974)

· formed by collapse of large density perturbations , 882 Sait

in early radiation - dominated era

· mass related to horizon mass at formation time

H " = It
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-um

· non-perturbative , large , S-I , and very rare

mass fraction at formation : B(M) ~10-5 (Mis
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primordial curvature
power spectrum -(ri) = ()<say

Pr USR

see talks by Caravano e pi

* primordial black hollesiCarre Hawking'74

* induced grav. Waves
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scallar field in separate Funiverses
name -For
+ 34i+

two regimes
-

(i) quasi-equilibrium : i =- slow=

ll(3riel attractor
,
((4)

(ii) free evolution : = --- ultslow-ro1
Iv11 Briel

D =D)
transient/decaying solution

as a->



~mfield inflation phase space Graine Vennin (2017)

V = +mic
adiabatic expansion

# N = S Hdt

-
slow roll

adiabatic perturbs

R = - SN

= H
-

R = constant on super-Hubble scales (KLaH)



pressure ~ton-baryon phase space
p = 190a in FLRW cosmology

P..

density

S = Su + Is

adiabatti perturbation non-adiabatic perturbation

R = H = H S = 3H()
= S(p) = 0

a
.

K
.
a .
isocurvature S

entropy perturba.



~mfield inflation phase space Graine Vennin (2017)

V = +mic
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slow roll
-

ultra

-

↑ roll
S

Slow



USR phase space Uke) ultraslow
slow-roll

~du

·



~mmmbatipressure
in

single late
a

i

FLRW cosmology : 3 = En + v() ,
p = = - v(x)

non-adiabatic perturba : Crad = 8 =(j)
= O if J attractor i =(b)

on large scales in slow roll

# o on large scales

in ultra slow roll

i + :(d)
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see talk by Yuko Urakawa

T
M Ch coarse-grainedElc) - F(z)

------
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Z

obeyonlinear ELW equsMspatial gradients negligible
on large scales

Salopek e Bond (1990)



~inequations
in

gradient expansion si + A

G : ->⑬( + O(DY

Gi -> = + O(x2)

G'ji -> jj = - 3 HAj + o(x))

Gi -> D;F + 45 @X: 5 < X: A + O(x))



~kend=i
= Aljde-3SHdt

-> O

momentum constraint neglecting anisotropy

SH + 4GUSC = SH-S =

adiabatic pertbus => F = H(E)

Hamilton-Jacobi solution for perturbations



see also TanakaeUrakawa (2021)

&gas et as a Tomberg (2023)

SH + 4GUSC = SH-sc-3JHdt
dynamically decays but not gradient suppressed

related to non-adiabatic pressure

SPrad & e-3SHdt

e . g. slow roll i constant => SPrad & e-bJHd+0
-

-> Hamilton-Jacobi ,
F = H(E)

·
ultra-slow roll :exe-3)ridt => Sprad -> constr

=> # = H(, i) 2D phase space
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non-perturbative approach : SN formalism
me

T·in
-

Din + 80(52)

use non-linear FLRW equations on super-Hubble scales

"separate universe approach"
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SN

classical FLRW solutions

nonlinear classical
solution N(C) non-Gaussian

Clendmsn >
N

C
M

chasticaw Win fully non-perturbative

N = Stochastic
& 2 quantum diffusion

first passage time &
to cross Cend Handm>

N
-



classical USR take limit VI-> 0

+ Thi = 0 = ce
- 3Ht

~( ,
i) = - ten) +3

-Gl Cai etal 2017

PirSasaki 2022

N-> * as C -> Put = Rond-

Gaussian
,

P(c) -> exponential tail ,
P(N) a e-3N

A

↑
Cert

*/
111.... 22

C trapped if U-Had > -4/3H (incomplete)



Stochastic USR take limit VI-> 0

+ Thi = 0 = ce
- 3Ht

Cai etal 2017

~( ,
i) = - ten) +3

-Gl
PirSasaki 2022

N-> * as C -> Put = Rond-

Gaussian
,

P(c) exponential tails, P(N) a e-3N

classical
L Stochastic limit N

~thison etal(2021) I↓↑-11111111
.... 32

Cert N

diffusion takes over when C-Cand > - 4/3H





Stochastic Ultra-Slow-Roll Inflation

seeseem
Fironzjahi et al, Pattison et al (2021)

UV : linear mode functions on sub-Hubble scales

Stochastic noise as modes cross coarse-graining scale

IR : coarse-grained field obeys Langevin equations

for C and T = ac

=
*

squeezed state

-> correlated noise

-

= 3 but not adiabatic
in USR



~medicatiotransit usu stainsina
sch USR

Un = zRk = aSUk ↳

general solution in SR/USR limit

=> un= [* )-n)e-im + Br(+ )eik]

before transition : BD vacuum
,

Xv = 1
, Bu = 0

nurs

after transition : particle production or sub-Hubble scales

mus non-adiabatic pertbus on super-Hubble scales

gradient terms Xn + 0
, Br < (% ) for KK+

at sudden transition



primordial density perturbations in stochastic OSR
cur

single scalar field ,
C(t) Jackson et al 2410 .

13683

potential energy , V(6) + tiny bump
M Mishra etal (2024)

falseracum

true
vacuum

30

typical
fluctuations
Gaussian

smoothing scale k = 2 att



importance sampling in Stochastic USR

-
Jackson et al 2410 .

13683

single scalar field ,
C(t)

potential energy , V(6) + tiny bump
M

-· Ii
vacuum classical

30 Sa

bias dynamics
-> rare fluctuations

but
- - noise calculated only along classical background

-
result depends on coarse-graining scale ,

k = zatt



+ leading - order gradient terms as coloured noise

-
Briand

,
Kawaguchi & Vennin (2025)

gradient terms only affect noise in stochastic approach

=

--
diU

~ evolves through sudden transition

~ eliminates dependence on coarse-graining scale



conclusions
em

slow-roll inflation- > adiabatic perturbations in CMB - LSS

ultra-slow-roll inflation

-> non-adiabatic fluctuations on super-Hubble scales

-> enhanced density perturbations on small scales

-> primordial black holes + grav .
waves

Stochastic SN
-

- non-perturbative evolution on super-Hubble scales

-> P(SN) ,
complementary to classical SN

- separate universes in USR # Hamilton-Jacobi
,
H(4)

-
importance sampling probes non-Gaussian tail

- stochastic noises include leading - order gradients



Stochastic SN

PBHs classical Sa

QFT in

FLRW

spacetime
slow roll


