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Cosmological inflation
• Period of accelerated expansion in the early universe, solves hot big bang issues and 

produces seed for the large-scale-structure

• 2- and 3-point correlators of the curvature perturbation 𝜁

𝑑𝑠2 =  −𝑑𝑡2 + 𝑎2 1 − 2𝜁 𝛿𝑖𝑗 + 𝛾𝑖𝑗 𝑑𝑥𝑖𝑑𝑥𝑗

Tensor perturbationCurvature perturbation

ζ 𝒌1 ζ 𝒌2 = 2π 3δ 𝒌1 + 𝒌2 Pζ k ζ 𝒌1 ζ 𝒌2 ζ 𝒌3 ≡ 2π 3δ 𝒌1 + 𝒌2 + 𝒌3 𝐵ζ 𝑘1, 𝑘2, 𝑘3 .

1807.06209 - Planck collaboration
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Phase-space correlators

൞

𝜙 = ϕ0 + 𝛿𝜙

𝜋𝜙 =
𝛿𝑆

𝛿 𝜕 𝜇𝜙
= 𝜋𝜙,0 + 𝛿𝜋𝜙

൞

𝜒 = 𝜒0 + 𝛿𝜒

𝜋𝜒 =
𝛿𝑆

𝛿 𝜕 𝜇𝜒
= 𝜋𝜒,0 + 𝛿𝜋𝜒

𝑆 =
1

2
න 𝑑4𝑥 −𝑔 𝑅 − 𝜕𝜇𝜙

2
− 𝜕𝜇𝜒

2
−

1

2
𝑚𝜙

2 𝜙2 −
1

2
𝑚𝜒

2 𝜒2 1

1) PhysRevD.35.419 – Silk, Turner



Phase-space correlators
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Phase-space correlators
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Phase-space correlators

𝛿𝑋𝑎 ≡ (𝛿𝜙, 𝜕𝜒, 𝛿𝜋𝜙, 𝛿𝜋𝜒)

𝛿𝑋𝑎𝛿𝑋𝑏𝛿𝑋𝑐 ≡ 2𝜋 3𝛿 𝒌𝑎 + 𝒌𝑏 + 𝒌𝑐 B𝑎𝑏𝑐 𝑘𝑎 , 𝑘𝑏 , 𝑘𝑐𝛿𝑋𝑎𝛿𝑋𝑏 ≡ 2𝜋 3𝛿 𝒌𝑎 + 𝒌𝑏 Σ𝑎𝑏 𝑘

൞

𝜙 = ϕ0 + 𝛿𝜙

𝜋𝜙 =
𝛿𝑆

𝛿 𝜕 𝜇𝜙
= 𝜋𝜙,0 + 𝛿𝜋𝜙

൞

𝜒 = 𝜒0 + 𝛿𝜒

𝜋𝜒 =
𝛿𝑆

𝛿 𝜕 𝜇𝜒
= 𝜋𝜒,0 + 𝛿𝜋𝜒

𝑆 =
1

2
න 𝑑4𝑥 −𝑔 𝑅 − 𝜕𝜇𝜙

2
− 𝜕𝜇𝜒

2
−

1

2
𝑚𝜙

2 𝜙2 −
1

2
𝑚𝜒

2 𝜒2 1

ζ k = N𝖺 k δX𝖺 +
1

2
N𝖺𝖻 k δX𝖺δX𝖻 + …

1) PhysRevD.35.419 – Silk, Turner



How to compute phase-space 
correlators

d
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Transport formalism3In-In formalism2

d

d𝑁
Σ𝑎𝑏 𝑘 = 𝑢𝑐

𝑎Σ𝑐𝑏 𝑘 + 𝑢𝑐
𝑏Σ𝑎𝑐 𝑘

2) 0506236 - Weinberg 3) 1609.00379 – Dias et al.



Multi-point propagators

A different formulation of the Transport formalism can be implemented using the 
multi-point propagators (MPPs)4 
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Correlators from multi-point 
propagators

Then, we can use the Γ’s to propagate the two- and three-point correlators

Σ𝑎𝑏 𝑁 𝑘 = Γ𝑖
𝑎 𝑁,𝑁0 𝑘 Γ𝑗

𝑏 𝑁,𝑁0 𝑘 Σ𝑖𝑗
𝑁0 𝑘 ,

B𝑎𝑏𝑐 𝑁 𝑘1, 𝑘2, 𝑘3 = Γ𝑖
𝑎 𝑁,𝑁0 𝑘1 Γ𝑗

𝑏 𝑁,𝑁0 𝑘2 Γ𝑘
𝑐 𝑁,𝑁0 𝑘3 B𝑖𝑗𝑘

𝑁0 𝑘1, 𝑘2, 𝑘3

 +Γ𝑖𝑗
𝑎 𝑁,𝑁0 𝑘1, 𝑘2, 𝑘3 Γ𝑘

𝑏 𝑁,𝑁0 𝑘2 Γ𝑙
𝑐 𝑁,𝑁0 𝑘3 Σ𝑖𝑘

𝑁0 𝑘2 Σ𝑗𝑙
𝑁0 𝑘3

 + 2 perms



PyTransport 3.0

• Is a package that computes the evolution of the 
2- and 3-point correlation functions at tree-
level, for Multi-field inflationary models with 
curved field-space.

• In the last update we included functions to 
compute the evolution of the correlation 
functions using the MPPs.



Tests: Double Inflation
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Tests: 2pt evolution
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Tests: running time
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Ultra-slow-roll model

USR phase → 𝜖 ≪ 1, 𝜂~ − 6

𝜖 = −
ሶ𝐻

𝐻2
𝜂 =

ሶ𝜖

𝜖𝐻



USR model: 3-point correlators
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USR model: squeezed bispectrum



USR model: squeezed bispectrum



USR squeezed bispectrum: 
Maldacena consistency relation

𝑓NL,sq 𝑘long, 𝑘short =
5

12
1 − 𝑛𝑠 𝑘short  𝑛𝑠 =

d log 𝒫ζ 𝑘

d log 𝑘



Conclusion

• We implemented into PyTransport the MPP formalism

• Tested the accuracy and the performance of the MPPs vs PyTransport

• Verified that the MPP approach can track better the dacay of correlators

• Verified that the MPP can correctly compute the bispectrum in cases 
where PyTransport fails



Future perspectives

• Use the MPPs to compute the power-spectrum and the bispectrum at 1-loop

• Use the MPPs to compute the trispectrum at tree-level
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